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Abstract. We broaden significantly the applicability of the Donaldson-Kovalev twisted con- 
nected sum construction and deepen the study of the resulting G2-manifolds, i.e. Riemannian 
7-manifolds with holonomy group G2. Some of our main results are: 

(i) We construct many new topological types of compact G2-manifolds. 

(ii) We obtain much more precise topological information about twisted connected sum 
G2-manifolds; one application is the determination for the first time of the diffeo- 
morphism type of many compact G2-manifolds. 

(iii) We construct many G2-manifolds that contain rigid compact associative 3-folds. 

(iv) We clarify several aspects of the K3 "matching problem" that occurs as a key step in 
the twisted connected sum construction. 

(v) We show that the many asymptotically cylindrical Calabi-Yau 3-folds built from semi- 
Fano 3-folds in [16] can be used as components in the construction; semi-Fano 3-folds 
are a subclass of weak Fano 3-folds whose geometry is amenable to the solution of the 
matching problem via deformation theory arguments. 

(vi) We describe "geometric transitions" between G2-metrics on different 7-manifolds mim- 
icking "flopping" behaviour among weak Fano 3-folds and "conifold transitions" between 
Fano and weak Fano 3-folds. 

(vii) We prove that many smooth 2-connected 7-manifolds can be realised as twisted con- 
nected sums in numerous ways; by varying the building blocks matched we can vary 
the number of rigid associative 3-folds constructed therein. 

The latter result leads to speculation that the moduli space of G2-metrics on a given 7- 
manifold may consist of many different connected components. The higher-dimensional gauge 
theory invariants proposed by Donaldson may provide ways to detect G2-metrics on a given 
7-manifold that are not deformation equivalent. 

1. Introduction 

In this paper we construct a large number of new compact G2-manifolds, that is Riemannian 
7-manifolds (M,g) whose holonomy group is the compact exceptional Lie group G2, using the 
so-called twisted connected sum construction; since any G2-manifold is Ricci-flat this yields 
many Ricci-flat metrics on compact 7-manifolds. As an alternative to Joyce's original pioneer- 
ing construction of compact G2-manifolds via "orbifold resolutions" [37,38], Kovalev (based 
on a suggestion of Donaldson) developed the twisted connected sum construction [39] as a way 
to obtain a compact G2-manifold by combining a pair of asymptotically cylindrical (ACyl) 
Calabi-Yau 3-folds. Loosely speaking, this method seeks to construct G2-manifolds that con- 
tain a sufficiently long almost cylindrical neck-like region; in this sense it resembles familiar 
"stretching the neck" constructions in a number of other geometric PDE problems and corre- 
sponds to points in the moduli space of all torsion-free G2-structures that are close to "large 
diameter" boundary points. In the current paper the ACyl Calabi-Yau 3-folds we use in the 
twisted connected sum construction are built using weak Fano (or more specifically semi-Fano) 
3-folds and were constructed in our recent paper [16]. 
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Associative submanifolds. G2-manifolds have two natural classes of interesting calibrated sub- 
manifolds: 3-dimensional associative submanifolds and 4-dimensional coassociative submani- 
folds. Constructing associative 3-folds in compact G2-manifolds is difficult and relatively few 
examples are known; part of the difficulty is that — unlike that of its calibrated cousins: spe- 
cial Lagrangians or coassociatives — the deformation theory of compact associative 3-folds can 
be obstructed. In many of the G2-manifolds we construct we can exhibit a finite number 
of rigid — and therefore unobstructed — associative 3-folds diffeomorphic to S 1 x § 2 ; the use 
of ACyl Calabi-Yau 3-folds constructed from semi-Fano (rather than Fano) 3-folds is cru- 
cial here. The associative 3-folds we construct are the first compact associative 3-folds in 
compact G2-manifolds that are proven to be rigid. Thus our work yields a large number of 
compact G2-manifolds in which we can attempt to "count" associative 3-folds — in the spirit 
of the higher-dimensional invariants envisioned in the papers of Donaldson-Thomas [24] and 
Donaldson-Segal [25]. In a related aspect of this programme, Walpuski [63] has recently shown 
how one can construct G2-instantons that "bubble" at suitable rigid associative submanifolds, 
reversing the fundamental bubbling analysis of Tian [61]. 

The topology of twisted connected sums. We obtain detailed topological information about G2- 
manifolds of twisted connected sum type under certain mild extra assumptions on the building 
blocks used (which we show are satisfied in many cases). Joyce and Kovalev had been able 
to compute the fundamental group and the Betti numbers of the 7-manifolds appearing in 
their constructions, but not further topological information; in particular not even the integral 
cohomology was known for their examples. We compute the full integral cohomology of many 
of our G2-manifolds including determining the torsion in H 3 and H 4 and also the characteristic 
class p\. By distinguishing between examples with the same Betti numbers but different torsion 
or different pi we are able to prove the existence of many new compact G2-manifolds. 

The twisted connected sum construction often yields 2-connected 7-manifolds, whereas 
Joyce's "orbifold resolution" constructions typically yield 7-manifolds with relatively large 
second Betti number (only a single example in Joyce's book [38] has b 2 = 0, see remark 4.18). 
The classification theory for 2-connected 7-manifolds is now understood and is computable in 
practice for a large number of our twisted connected sum 7-manifolds, given sufficient topolog- 
ical information about the pair of building blocks used; results from our paper [16] provide the 
necessary topological information about the ACyl Calabi-Yau 3-folds constructed therein. As a 
result we are in many cases able to determine the diffeomorphism (or almost- diffeomorphism) 
type of the smooth 7-manifolds on which we construct our G2-holonomy metrics; these are 
the first compact G2-manifolds for which the diffeomorphism type is known. These smooth 
7-manifolds have simple topological realisations as connected sums of a nontrivial § 3 -bundle 
over § 4 with an appropriate number of copies of S 3 x S 4 . 

Even in the simplest case where we use a pair of ACyl Calabi-Yau 3-folds constructed from 
rank one Fano 3-folds — as considered in Kovalev's original twisted connected sum construction — 
our refined topological results allow us to prove a variety of new results. For instance in Section 
7 we will show the following 

• The simplest matching between such ACyl Calabi-Yau 3-folds leads to 2-connected G2- 
manifolds with torsion-free cohomology, in which case 6 3 is the only Betti number we need 
to consider; 46 different possible values of b 3 are realised this way. 

• By distinguishing between examples with the same Betti numbers but different p\ we show 
that at least 82 different smooth 7-manifolds are realised this way. 

• Using the classification theory for 2-connected 7-manifolds we determine the homeomor- 
phism type of all these 7-manifolds and in the majority of cases the diffeomorphism type. 
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• We exhibit a pair of G2-manifolds whose underlying 7-manifolds we prove to be homeomor- 
phic but not necessarily diffeomorphic; this raises the question whether there exist different 
smooth structures on the same topological 7-manifold which each admit G2-holonomy met- 
rics. To determine the diffeomorphism types of this pair of 7-manifolds would seem to require 
the calculation of an extension of the classical Eells-Kuiper invariant. 

• Other possible ways to match such ACyl Calabi-Yau 3-folds exist and lead to simply- 
connected 7-manifolds with H 2 = but with non-trivial torsion in H 3 ; at least 41 other 
topological types of G2-manifold arise in this way. 

The last point illustrates a general phenomenon: it is often possible to arrange matching 
between the same pair of building blocks in various ways and thereby to obtain topologically 
distinct 7-manifolds from the same pair of blocks. 

The same techniques applied to more general ACyl Calabi-Yau 3-folds constructed from 
other Fano 3-folds or more generally semi-Fano 3-folds (or the Kovalev-Lee examples arising 
from non-symplectic involutions on K3s [40]) allow us to construct a variety of new topo- 
logical types of compact G2-manifolds. Many of the examples built using semi-Fano 3-folds 
also contain compact rigid associative 3-folds. 

Different G2-metrics on the same manifold? In the opposite direction using the diffeomorphism 
classification of 2-connected smooth 7-manifolds we show the following: there exist many 2- 
connected smooth 7-manifolds that arise as the underlying smooth manifold for G2-manifolds 
of twisted connected sum-type but in several (sometimes many) different ways. In other words, 
the twisted connected sum of different pairs of ACyl Calabi-Yau 3-folds can often yield the same 
underlying smooth 7-manifold. This phenomenon already occurs when matching pairs of ACyl 
Calabi-Yau 3-folds constructed from rank one Fano 3-folds as above. More generally, using 
ACyl Calabi-Yau 3-folds constructed from semi-Fano 3-folds we can construct diffeomorphic 
G2-manifolds containing different numbers of obvious rigid associative 3-folds. These facts 
naturally suggest the following 

Question. When do these G2-metrics on the same 7-manifold belong to different connected 
components of the moduli space of G2-metrics? 

While answering this question currently goes beyond the techniques we have available to us, 
it provides a further strong impetus for developing the higher-dimensional enumerative invari- 
ants proposed by Donaldson. A more elementary tool for distinguishing between components 
of the moduli space is to study the homotopy classes of G2-structures; however, it appears that 
in our examples of diffeomorphic G2-manifolds one can always choose the diffeomorphism so 
that their G2-structures are homotopic (i.e. connected by a continuous path of G2-structures 
without any constraint on the torsion) [19]. 

Twisted connected sums and hyper-Kahler rotations. To describe some other features of the 
paper we need to recall the basic ingredients involved in the twisted connected sum construc- 
tion. 

In order to construct a metric g with Riemannian holonomy the full group G2 and not a 
smaller subgroup the underlying compact 7-manifold M must have finite fundamental group. 
Given a pair of ACyl Calabi-Yau 3-folds V+ and V- we need a way to glue the two non- 
compact 7-manifolds M + = S 1 x V + and M_ = S 1 x V- to get such a compact 7-manifold. By 
construction the ends of our ACyl Calabi-Yau 3-folds have the form M + x S 1 x S± where S± 
are smooth K3 surfaces. The obvious connected sum construction would yield a manifold with 
infinite fundamental group which could not admit a metric of full holonomy G2. Instead we 
choose to identify the cross-section of our ends T 2 x S± using a diffeomorphism which exchanges 
the two circle factors of T 2 . However, in order to get a well-defined G2-structure on M we also 
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need to identify the two K3 surfaces S± using a special diffeomorphism r : S+ — > S- . The K3 
surfaces S± inherit hyper-Kahler structures from the geometry at infinity of V± , which can be 
defined in terms of a Ricci-flat metric and a triple of parallel complex structures I±, J±,K±. 
We need to construct a diffeomorphism r which is an isometry and satisfies 

r*/_ = J + , r* J_ = I + , and hence r*K_ = —K + . 

We call such a map a hyper-Kahler rotation. Even though [16] shows how to construct large 
numbers of ACyl Calabi-Yau 3-folds, it is highly non-trivial to construct pairs of V± for which 
there is such a hyper-Kahler rotation r. However, as soon as we can construct a hyper-Kahler 
rotation r for a pair of ACyl Calabi-Yau 3-folds V± we can use r to form a twisted connected sum 
7-manifold M r , and build on it a closed G2-structure which has small torsion. The perturbation 
theory for closed G2-structures developed by Joyce (or the specific ACyl version proved by 
Kovalev) therefore shows that we can then choose an appropriate small perturbation to yield 
a metric with holonomy G2 on M r . 

Thus there are two main steps needed to implement the twisted connected sum construction 

(i) Construct (families of) ACyl Calabi-Yau structures on appropriate complex 3-folds. 

(ii) Understand how to find ACyl Calabi-Yau 3-folds for which there exists a hyper-Kahler 
rotation, within a given pair of families. 

Kovalev showed how to construct some ACyl Calabi-Yau 3-folds by blowing up special 
curves (the smooth base locus of a sufficiently generic anticanonical pencil) in smooth Fano 
3-folds. We call these ACyl Calabi-Yau 3-folds of Fano type. Recall a smooth Fano 3-fold F is 
a smooth projective variety for which — Kp is ample or positive: complex projective space P 3 , 
smooth quadrics, cubics and quartics in P 4 being the simplest examples. 

Kovalev also developed an approach to proving the existence of hyper-Kahler rotations 
between pairs of ACyl Calabi-Yau 3-folds of Fano type by utilising the deformation theory 
for pairs (F, S) where F £ T a deformation type of smooth Fano 3-folds and S G |— Kp\ is a 
smooth anticanonical divisor. During the course of our work on the present paper we discovered 
a problem in Kovalev's construction of hyper-Kahler rotations; in most cases his solution to 
this problem relies on Lemma 6.47 in [39] which appears to be false. For this reason we revisit 
carefully the construction of hyper-Kahler rotations between pairs of ACyl Calabi-Yau 3-folds 
and clarify a number of issues. 

In the end we can prove results similar in spirit (but less general than the result claimed 
in [39, Theorem 6.44]) that in many cases do allow us to construct hyper-Kahler rotations, 
provided we have a sufficiently good deformation theory for pairs (F, S) as above. After conver- 
sations with two of the present authors the most recent version of Kovalev-Lee [40] contains a 
similar construction of hyper-Kahler rotations (also less general than the one claimed in [39]). 

We should point out immediately that given a pair of deformation families of ACyl Calabi- 
Yau 3-folds V± there are typically various ways to construct hyper-Kahler rotations between 
the asymptotic ends M + x S 1 x S±. The topology of the resulting 7-manifold M depends on 
the choice of the hyper-Kahler rotation r: 5+ — > S~. At present we do not understand in a 
systematic way all possible different ways to match a given pair of (deformation families of) 
ACyl Calabi-Yau 3-folds V±; however, we will exhibit various examples where several different 
matchings are possible and lead to topologically distinct G2-manifolds. In some cases we do 
understand essentially all different possible ways to match a given pair. 

ACyl Calabi-Yau 3-folds from weak Fano 3-folds. A smooth weak Fano 3-fold is a smooth 
projective variety for which the anticanonical bundle is big and nef (but not ample). Differential 
geometers are encouraged to think of a big and nef line bundle as the algebraic-geometric 
formulation of the line bundle admitting a hermitian metric whose curvature is sufficiently 
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semi-positive. Whereas there are exactly 105 deformation families of smooth Fano 3-folds 
there are hundreds of thousands of deformation families of smooth weak Fano 3-folds and the 
topology of smooth weak Fano 3-folds is less restrictive than for Fano 3-folds; unlike the Fano 
case there is at present no classification theory for weak Fano 3-folds, except under very special 
geometric assumptions, but many examples are known. In our paper [16] we proved that one 
can construct ACyl Calabi-Yau 3-folds from any weak Fano 3-fold (satisfying one further very 
mild assumption) and thereby increased the number of known ACyl Calabi-Yau 3-folds from 
a few hundred to several hundred thousand. We call these ACyl Calabi-Yau 3-folds of weak 
Fano type. 

Matching pairs of ACyl Calabi-Yau 3-folds of semi-Fano type. For pairs of ACyl Calabi-Yau 
3-folds of weak Fano type the construction of hyper-Kahler rotations still works provided we 
have a sufficiently good deformation theory for pairs (Y, S), where Y £ y, & given deformation 
type of weak Fano 3-folds, and S £ |— Ky\ is a smooth section. In [16] we showed that the 
deformation theory of such pairs is well-behaved for the subclass of semi-Fano 3-folds. A semi- 
Fano 3-fold is a weak Fano 3-fold on which we impose an extra assumption on the geometry 
of its anticanonical morphism, namely that it contracts no divisor to a point. This assumption 
guarantees that certain cohomology vanishing theorems that are true for Fano 3-folds (but 
which are false for general weak Fano 3-folds) still hold for semi-Fano 3-folds. There are still 
hundreds of thousands of deformation families of semi-Fano 3-folds. 

We prove that we can construct hyper-Kahler rotations for pairs of ACyl Calabi-Yau 3-folds 
of semi-Fano type under the same sorts of conditions as for pairs arising from (deformation 
types of) Fano 3-folds. As we already explained, this immediately gives rise to many new 
twisted connected sum compact G2-manifolds. Using just ACyl Calabi-Yau 3-folds from Fano 
or semi-Fano 3-folds of rank at most two or from toric semi-Fano 3-folds we get at least 50 
million matching pairs (and probably many more) that produce 2-connected G2-manifolds. On 
the other hand, the smooth classification results show that the number of different topological 
types realised is much smaller, so as mentioned earlier some smooth 7-manifolds must arise as 
twisted connected sums in many different ways. 

Rigid curves and rigid associative 3-folds. There is one further immediate advantage of gen- 
eralising to the class of semi-Fano 3-folds. If Y is a Fano 3-fold then — Ky ■ C > for any 
algebraic curve C and hence C meets any anticanonical divisor S 6 |— Ky\. However, semi- 
Fano 3-folds can contain special complex curves C for which Ky • C = 0; the weakening of 
—Ky being positive to sufficiently semi-positive is crucial here. Moreover, in many cases C is 
a smooth rational curve with normal bundle 0{— 1) © 0(— 1): in this case C is infinitesimally 
rigid, i.e. has no infinitesimal (holomorphic) deformations. 

Precisely because these special -fTy-trivial curves are rigid and do not intersect anticanonical 
divisors we can use them to construct compact rigid holomorphic curves in our ACyl Calabi- 
Yau 3-folds. These rigid curves allow us to produce rigid associative 3-folds diffeomorphic to 
S 1 x S 2 in our twisted connected sum G2-manifolds. The key point is that we have related 
the deformation problem for a holomorphic curve C to that of an associative of product form 
S 1 x C. Algebraic geometry provides many tools to understand the deformation theory of C; 
for a general associative 3-fold we have no such tools to understand its deformation theory. 

G2-transitions. In the geometry of Calabi-Yau 3-folds, especially in some of their applications 
to String Theory, an important role is played by so-called geometric transitions. The simplest 
and most important such transitions are flops and conifold transitions. These two types of 
transitions also appear in the context of weak Fano 3-folds; many smooth weak Fano 3-folds 
can be flopped to yield other smooth weak Fano 3-folds (which typically are not deformation 
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equivalent to the original weak Fano 3-fold). However, unlike the Calabi-Yau setting where the 
condition c\ = is preserved, a conifold transition that begins with a Fano 3-fold F will yield 
only a weak Fano 3- fold Y. We can construct ACyl Calabi-Yau metrics on blocks constructed 
from both the Fano F and the weak Fano Y, and then try to match both types of block 
to some other given (deformation family of) ACyl Calabi-Yau structure. This gives rise to 
the idea of related G2-manifolds or G2-transitions. For the moment we present G2-transitions 
as a convenient organisational principle that explains certain features of the geography of 
twisted connected sum G2-manifolds. However, there is the future prospect of realising these 
G2-transitions at the level of metric geometry; we explain some of the technical difficulties 
that would need to be overcome to achieve this. 

Connections to M-theory. G2-manifolds play a similar role in M-theory as Calabi-Yau 3- folds 
do in String theory. Two questions of significance for M-theory concern the existence of coas- 
sociative K3-fibrations and singular G2-manifolds. 

Any twisted connected sum G2-manifold is K3-fibred — essentially because the building 
blocks Z from which we construct our ACyl Calabi-Yau 3-folds are K3-fibred. Generically 
the only singular fibres of a building block Z, and therefore of our G2-manifolds, are A\ singu- 
larities. Because of subtleties due to the singular fibres it is still unknown if these topological 
"almost" coassociative K3-fibrations can be made into coassociative K3-fibrations as expected 
in [1,30]. 

To obtain realistic particle physics (i.e. non-abelian gauge groups and chiral fermions) from 
M-theory on G2-manifolds it appears necessary to consider singular G2-spaces with very par- 
ticular kinds of singularity as explained in [1,2,7,9]. For some recent physical predictions 
from M-theory on G2-spaces see [3-5]; see also [6,10,21,31,54,57] for some other aspects of 
M-theory on G2-spaces. In the present paper we consider only smooth compact G2-manifolds 
(apart from the discussion in the G2-transitions section where we discuss potential ways to 
realise singular G2-manifolds as degenerate limits of our constructions). There are potential 
extensions of the present constructions that might in some circumstances allow the construc- 
tion of blocks fibred by generically singular K3 fibres. However it is not yet clear that these 
could give rise to G2-spaces with the sort of singularity structure apparently required. 

It would be interesting to know: does the presence of torsion in or H 4 of a compact 
G2-manifold have any significance in M-theory? What if any significance do the G2-transitions 
discussed in Section 8 have in M-theory? Does the existence of many potentially different 
G2-metrics on the same smooth 7-manifold have any M-theory interpretation? 

Structure of paper. We now describe the structure of the rest of the paper. 

Section 2 reviews basic facts about the group G2, G2-structures, G2-holonomy metrics, the 
two natural calibrations on G2-manifolds and the relations to Calabi-Yau 3-folds, hyper-Kahler 
K3 surfaces and the groups SU(2) and SU(3). It also establishes the main definitions, notation 
and the conventions we adopt in our paper. 

Section 3 introduces ACyl Calabi-Yau 3-folds and recalls how to construct them from certain 
algebro-geometric data that we call a building block. We recall Kovalev's twisted connected sum 
construction: it takes a pair of ACyl Calabi-Yau 3-folds together with the specification of a 
so-called hyper-Kahler rotation and produces a compact 7-manifold M with finite fundamental 
group and a 1-parameter family of closed G2-structures on M with small torsion. We explain 
how the known perturbation theory for closed G2-structures with small torsion allow us to 
construct a 1-parameter family of G2-holonomy metrics on M. In summary, this section reduces 
the problem of finding twisted connected sum G2-manifolds to finding hyper-Kahler rotations 
between a given pair of (deformation families) of ACyl Calabi-Yau 3-folds. 
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Section 4 develops various tools to compute topological invariants of compact twisted con- 
nected sum G2-manifolds building on results on the cohomology of the 6-dimensional building 
blocks proved in [16]. Theorem 4.7 computes the integral cohomology groups of our twisted 
connected sum G2-manifolds and proves under our assumptions that they are all simply- 
connected. In general there can be torsion in H 3 (M) and H 4 (M); we establish various re- 
strictions on the possible torsion linking form of general twisted connected sums. We review 
the almost-diffeomorphism classification of closed 2-connected 7-manifolds including cases in 
which almost-diffeomorphism can be replaced with diffeomorphism. We explain a simple suffi- 
cient condition for our twisted connected sum G2-manifold M to be 2-connected with torsion- 
free H 4 (M) and then study the diffeomorphism and almost-diffeomorphism types of such 
7-manifolds. A key role is played by the divisibility of the first Pontrjagin class p±(M); in turn 
the divisibility of p\ (M) is closely related to the divisibility of the second Chern class C2 of our 
building blocks, as studied in [16]. We apply all these results later to study the diffeomorphism 
type of concrete G2-manifolds constructed in Section 7, but our methods apply to twisted 
connected sum manifolds more generally. 

Section 5 deals with the construction of associative submanifolds in our twisted connected 
sum G2-manifolds. After recalling some basic features of the geometry of associative 3-folds 
we prove Theorem 5.3: this gives a general persistence result for a closed infinitesimally rigid 
associative 3-fold A under a small deformation of the G2-structure. Theorem 5.4 gives a gener- 
alisation in which we prove persistence of multi-parameter families of closed associative 3-folds 
in a multi-parameter torsion-free deformation of the original G2-structure under a surjectivity 
assumption on the family. Next we consider the relation between associative 3-folds in the 
product of a circle S 1 and a Calabi-Yau 3-fold and holomorphic curves in the Calabi-Yau. 
This relation is fundamental to the construction of associative 3-folds in many of our twisted 
connected sum G2-manifolds. Particularly important is the simple observation — see Lemma 
5.11 — that S 1 x C is rigid as an associative 3-fold if and only if C is rigid as a holomorphic curve. 
Putting together the results from the section we prove Proposition 5.15: each closed rigid holo- 
morphic curve C in one of our ACyl Calabi-Yau 3-folds can be perturbed to a compact rigid 
associative 3-fold diffeomorphic to S 1 x C in our twisted connected sum G2-manifold for all 
sufficiently long "neck lengths" . With a little more work, we also show how to produce closed 
associative 3-folds, including some non-rigid ones, in twisted connected sum G2-manifolds from 
certain closed special Lagrangian 3-folds in our ACyl Calabi-Yau 3-folds. 

Section 6 deals with the so-called "matching problem", i.e. the construction of pairs of 
ACyl Calabi-Yau 3-folds with a hyper-Kahler rotation. Our approach to solving the matching 
problem requires some well-known facts about moduli spaces of lattice polarised K3 surfaces, 
the global Torelli theorem in this context and some results from deformation theory proved 
in [16]; we review these very briefly. We describe in detail one general strategy which we call 
"orthogonal gluing" which yields solutions to the matching problem in a large number of cases. 

A special case of "orthogonal gluing" is what we term "primitive perpendicular gluing". 
The benefit of "primitive perpendicular gluing" is that it is guaranteed to give a solution 
of the matching problem under the simple condition that the ranks of the Picard lattices 
of the deformation types y± of semi-Fano 3-folds used to construct the ACyl Calabi-Yau 
3-folds add up to at most 11. Primitive perpendicular gluing enables us to mass-produce 
2-connected twisted connected sum G2-manifolds and to understand their homeomorphism 
and diffeomorphism type in many cases. 

The more general "orthogonal gluing" produces manifolds M with second Betti number 
b 2 (M) > 0. It requires some sort of compatibility between the Picard lattices of the pair of 
semi-Fanos initially chosen and this does not always hold: see Example 6.8. When it does hold, 
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some further restrictions on the ranks of the Picard lattices allow the solution of the matching 
problem in this case: see Proposition 6.18. 

In Section 7 we make examples of twisted connected sum G2-manifolds — often containing 
compact rigid associative 3-folds — and compute the topology of these examples. In this sec- 
tion we aim to give examples that illustrate the main points of what is achievable by the 
construction rather than to be systematic. Our examples are built mainly using specific ACyl 
Calabi-Yau 3-folds of semi-Fano type which we constructed recently in [16]. Most of the ex- 
amples we construct use perpendicular or orthogonal gluing. However, to demonstrate that 
these are labour-saving devices rather than a necessity we also consider what we have termed 
"handcrafted nonorthogonal gluing". While this method applies in situations where "orthog- 
onal gluing" fails it needs much more precise information about K3 moduli spaces and that 
information is usually very expensive to obtain. Therefore we give only a single example to 
illustrate the method and its potential complexities. 

In Section 8 we describe the more general possibilities and limitations of the construction and 
make some comments about the "geography" of examples that can be achieved by matching 
currently known pairs. The existing smooth classification theory for 7-manifolds allows us 
to determine the diffeomorphism type of the majority of the 2-connected twisted connected 
sums; to complete the diffeomorphism classification in the remaining 2-connected cases we 
would need to be able to compute an extension of the classical Eells-Kuiper invariant. 

Moving beyond the 2-connected world, we explain how to realise many simply-connected 
twisted connected sum G2-manifolds with 7r2(M) isomorphic to Z or Z//cZ and discuss the 
prospects for extending the smooth classification theory to cover these cases. Finally we dis- 
cuss a way to organise various different twisted connected sum G2-manifolds constructed by 
matching pairs of Fano or semi-Fano 3-folds related via flops or conifold transitions; by analogy 
we term these G2-transitions. We close by discussing the prospects for proving more precise 
topological and metric statements about G2-manifolds related by these G2-transitions. 
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2. Preliminaries: G 2 and SU(n) geometry 

In this section we collect some basic facts and definitions concerning the linear algebra and 
geometry associated to the Lie groups G2 and SU(n). The material in this section is standard 
and the reader may find proofs of various quoted facts in the articles by Bryant [12] and 
Harvey-Lawson [32] and the books by Joyce [38] and Salamon [58]. 

The octonions, a cross product on M 7 and the group G2. One way to define G2 is as the 
automorphism group of O, the normed algebra of octonions. The automorphisms preserve the 
splitting O = l®ImO and act trivially on M, so can therefore be identified with a subgroup of 
GL(7, M). Since the inner product on ImO is defined in terms of the normed algebra structure 
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it is preserved by the automorphisms. We will see below that the automorphisms also preserve 
orientation, so G2 can be embedded in SO (7). 

If we choose an isometry ImO = l 7 then we can define a vector product on R 7 by 

u x v = Imuv. 

The algebra structure on 1 © ImO can be recovered from the vector product x and the 
standard inner product go by 

(x, u)(y, v) = (xy — go(u, v), xv + yu + u x v). 

An equivalent definition of G2 is therefore that it is the subgroup of GL(7, M) that preserves 
both go and x . From go and x we can define the trilinear form 

(2.1) <p (u,v,w) = go(u x v,w). 

In fact this is alternating, so 990 € A 3 (M 7 )*. With a standard choice of isometry ImO = I 7 
that we fix once and for all (our convention is the same as that used by e.g. Joyce [38, §10]) 
we can write 

(2.2) y>0 = dx 123 + dx lA5 + dx 167 + dx 2m - dx 257 - dx 3A7 - dx 356 . 

For any ip 6 A 3 (M 7 )* we can define a form vol^ G A 7 (M 7 )* in the following way: For v, w 6 R 7 
let 

B v (v, w) = -(vj(p) A (wj(p) A ip. 

is a symmetric bilinear form on R 7 with values in A 7 (M 7 )*. B^ induces a linear map 
Ktp : R 7 ->■ (R 7 )* ®A 7 (R 7 )*, which has a determinant detK^ G (A 7 (M 7 )*) 9 . If ^ then we 
call <p non- degenerate, and we can define a volume form vol v and a symmetric bilinear form 
g v on R 7 by 

(2.3a) {vol^f = detK ip , 

(2.3b) g v (g) vol^ = Bp, 

(see Hitchin [36, §7]). For ipo we can compute that g^ = go, so the metric can be recovered 
from (fo, and hence so can the vector product x . Thus the stabiliser of ipo in GL(7, R) preserves 
go and x, and must equal G2. This gives yet another possible definition of G2. Since it is in 
terms of an alternating 3-form it is a useful one for the purposes of differential geometry. 

The set of 3- forms that are equivalent to ipo, and whose associated orientation, symmetric 
bilinear form and cross product are thus isomorphic to the standard one, is in fact open 
inA 3 (M 7 )*. 

Proposition 2.4. 

(i) G2 is a compact 2-connected Lie group of dimension 14. 

(ii) The stabiliser in G2 of a non-zero vector in R 7 is isomorphic to SU(3). 

(iii) G2 acts transitively on the unit sphere S 6 C IR 7 . 

(iv) The GL(7,R)-orbit of ip is open in A 3 (M 7 )*. 

Proof. Since dimA 3 (M 7 )* = 35 and dimGL(7, R) = 49, we must have dimG 2 > 14 with 
equality if and only if the orbit of (fo is open. 

We will prove below that the stabiliser in G2 of e\ can be identified with SU(3) in a natural 
way. Because dimSU(3) = 8, the G2-orbit of e\ must have dimension > 6. Since the orbit 
is contained in S 6 equality must hold. Consequently the G2-orbit of e\ is exactly § 6 , all unit 
vectors have isomorphic stabilisers, dimG2 is exactly 14, and the GL(7, M)-orbit of ipo is open. 
The fibration S 6 ->• G 2 ->• SU(3) shows that G 2 is 2-connected. □ 
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Remark. The set of non-degenerate 3-forms on M 7 is in fact the union of four connected 
components: two GL(7, M)-orbits, each of which splits into two components inducing oppo- 
site orientation. The orbit not containing tpo consists of those non-degenerate 3-forms whose 
induced bilinear form has signature (3,4). 

The Hodge dual *po of <po is a 4-form ipQ 

(2.5) = ~dx 1247 - dx 1256 - dx 13m + dx 1357 + dx 23A5 + dx 2367 + dx 45G7 . 

We can use ipo and the metric to obtain an alternating vector- valued 3-form xo '■ ^ 7 
R 7 defined by 

(2.6) go(u,^xo( v ,w,x)) = ipo(u,v,w,x) for all u, v, w, x G M 7 . 

Xo is not a proper triple cross-product on M 7 in the sense that there exist orthonormal triples 
(u,v,w) with xo( u ,v,w) = 0. 

Remark 2.7. The stabiliser of V>o i n GL(7,R) is the subgroup Z2 x G2, where Z2 is generated 
by — Id. We can therefore recover <po from ipo, modulo orientation. 

Lemma 2.8. For all u,v,w € M 7 

(2.9a) \\u x v\\ 2 = \\u\\ 2 \\v\\ 2 - g (u,v) 2 , 

(2.9b) u x (v x w) + (u x f ) x w = 2go(u, w)v — go(u, v)w — go(w, v)u, 

(2.9c) fo(u, v, w) 2 + \\xo(u, v, w)\ 2 = \uAvAw\ 2 . 

Proof. See [12, p. 540], [11, 2.2] and [32, Thm. IV.1.6] for proofs of (2.9a), (2.9b) and (2.9c) 
respectively. □ 

G-structures on vector spaces. Let V be a n-dimensional real vector space. Let P denote 
the set of ordered bases of V; equivalently, the set of isomorphisms (3 : W 1 — > V. We call P the 
set of frames of V. P has a free transitive right GL(ra, M)-action determined by composition of 
maps: 

g-p:=pog. 

We can thus think of P as a principal GL(n, M)-fibre bundle over a point. 

Definition 2.10. Let G be a subgroup of GL(n,M). A G-structure on V is a G-subbundle 
of P, i.e. an orbit of the induced action of G on P. The space of all G-structures can be 
identified with the quotient space Pj G. 

The above definition makes it clear that if if is a subgroup of G, an if-structure automati- 
cally defines a G-structure. 

G2-structures on a vector space. The subgroups G of interest in this paper arise as isotropy 
groups of algebraic structures on W 1 . In such cases one can give an alternative definition of 
G-structure, which we exemplify in the case G = G2. 

Definition 2.11. Let V be a real vector space of dimension 7. We call tp 6 A 3 V* a ^-structure 
(or G2 -form) if there is a linear isomorphism V = M 7 identifying ip with tpQ. 

Since G2 C SO(7), a G2-structure on V induces an inner product and an orientation. This 
is equivalent to how a G2-form defines an inner product and orientation in (2.3). We will 
often find it convenient to restrict attention to those G2-structures that agree with a given 
orientation. 
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Definition 2.12. Let V be a real oriented 7-dimensional vector space. We call 92 £ A 3 V* a 
positive 3- form if there is an oriented linear isomorphism V = M 7 identifying tp with ipo. Let 
A+V* C A 3 V* denote the set of positive forms. 

Note that A+y* is open in A 3 V* by 2.4(iv). By remark 2.7, we could study G2-structures on 
an oriented vector space equivalently in terms of the Hodge duals of the positive 3-forms. 

Remark. Our definition of 'positive' agrees with that of Joyce [38], while Hitchin [36] uses 
'positive' where we use 'G2-form'. 

SU(n) -structures. Let z 1 , . . . , z n be standard coordinates on C n , and 

Q = dz 1 A • • • A dz n , 
u} = \(dz l f\dz 1 ^ \-dz n Adz n ). 

These are, respectively, the standard complex volume form and Kahler form, and are invariant 
under the action of SU(n). In fact, their stabiliser in GL(2n, M.) is precisely SU(n). For Qo on 
its own determines A^'°(C n )* (as the kernel of a >->■ Q A a) and hence the complex structure 
on C n , so the stabiliser of f2o in GL(2n, M) is precisely SL(n,C). 

By analogy with definition 2.11, we can think of any complex n-form $7 that is GL(2n,M)- 
equivalent to S7o (i-e. any decomposable form) as defining an SL(n, C)-structure, and any pair 
(f2,w) of a decomposable complex n-form and a non-degenerate real 2-form such that 

(2.14a) fiAcj = 0, 

n(n-l) . . . „ U n 

(2.14b) (-1)"^ U HA!] = — , 

n! 

as an SU(n)-structure. (2.14a) encodes that u is (1, 1) with respect to the complex structure 
defined by Q, while (2.14b) is a normalisation condition that the natural volume forms defined 
by uj and Q are equal, or equivalently that = 2 n (see Hitchin [35, §2]). 

SU(3) -structures. We have a particular interest in the case of complex dimension three since 
SU(3) is the stabiliser in G2 of a vector in M 7 . Let us now give the previously promised proof 
of this fact. 

Proof of proposition S.^(ii). Let S be the stabiliser of the basis vector e\ G S 6 C M7 . Since 
G2 C SO (7), S maps the orthogonal complement to itself. e\ can be identified with C 3 by 
introducing complex coordinates z 1 = x 2 + ix 3 , z 2 = x 4 + ix 5 , z 3 = x 6 + ix 7 . The action of S 
on C 3 evidently preserves the forms 

e\j(fo = dx + dx + dx = coo, 
ip \ e j_ = dx 2m - dx 257 - dx 347 - dx 356 = Re^o, 
-euVo = -dx 247 - dx 256 - dx 346 + dx 357 = Imfio, 
so S is contained in SU(3). Conversely 
(2.16) fo = dx 1 A oj + Rett 

implies that SU(3) preserves ipo, so S is precisely SU(3). □ 

It follows that any SU(3)-structure on a real vector space V of dimension 6 (together with a 
covector dt on M defining orientation and length) determines a G2-structure on M©y. Moreover 
we see from the proof how to express the relationship between the structures in terms of the 
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forms. If the SU(3)-structure on V is denned by (Q, u) then the induced G2-structure on M© V 
has G2-form 

(2.17) ip = dtAuj + Ren. 
Similarly, the Hodge dual 4-form ijj of ip takes the form 

(2.18) i/j = lu 2 -dtAlmQ. 

Another way to think of the relationship is that the orthogonal complement to a unit vector 
u in a vector space with G2-structure inherits (in addition to the metric) two structures from 
the cross product: using Lemma 2.8, I u : v i-> u x v defines an orthogonal complex structure 
on u- 1 -, while the restriction/projection of the cross product to u 1 - defines a I u -antilinear cross 
product which is equivalent to a complex volume form (because the complex dimension is 3). 
See also p. 36. 

Remark 2.19. Complex volume forms in dimension three have some special properties. Hitchin 
[36, §2] explains that the stabiliser of Re Qq alone in GL + (6, M.) is SL(3, C). The GL(6, M)-orbit 
of Rel\) in A 3 (M 6 )* is therefore open by dimension counting: dimGL(6,M) — dimSL(3,C) = 
36 — 16 = 20 = dimA 3 (M 6 )*. For any 3- form a in this open set there is a unique real 3- 
form (3 such that a + i(3 is decomposable and the induced SL(3, C)-structure has the standard 
orientation. For a real vector space of dimension 6, an SL(3, C)-structure is therefore equivalent 
to a choice of orientation together with a 3- form equivalent to Re Qq (reversing the orientation 
while keeping the 3- form fixed corresponds to replacing the complex structure by its conjugate). 

SU(2) -structures. The case of complex dimension two also plays an important role in the 
paper. Let ujq := ojq be the standard Kahler form on C 2 , and write the holomorphic volume 
form f2o as <^o +*<*^- ^ s suggested by the notation, Wq and lOq define go-orthogonal complex 
structures J and K on M 4 by the relations ojq(x, y) = go(Jx,y) and ojQ(x,y) = go(Kx,y). In 
real coordinates (x l ) where z 1 = x 1 + ix 2 , z 2 = x 3 + ix 4 

u* = dx 12 + dx u , uj j =dx 13 -dx 24 , oj£ = dx 14 + dx 23 . 

When we identify C 2 with the quaternions HI by (x 1 + ix 2 , x 3 + ix 4 ) t— > x 1 + ix 2 + jx 3 + kx 
the complex structures I, J, K correspond to left multiplication by the standard orthonormal 
triple i, j, k of imaginary quaternions. This identifies SU(2) with the automorphism group Sp(l) 
of H. Furthermore, any unit imaginary quaternion defines an orthogonal complex structure, 
so SU(2) preserves a whole S 2 of complex structures. 

We can therefore think of an SU(2)-structure on a 4-dimensional vector space in two different 
ways: either as a pair (u, fi) as before, or as a choice of an ordered triple of 2-forms (u 1 ,u J , uj k ) 
equivalent to (loq,loq i.e. satisfying 

(u/) 2 = (u J ) 2 = (u K ) 2 , 

oj 1 A uj J = uj J A uj K = oj K A uj 1 = 0. 

These two definitions of SU(2)-structures are equivalent, setting u = lu 1 and 17 = oj j + ico K . 
However, the first highlights a preferred complex structure /, while the second emphasises the 
two-sphere of complex structures. We will switch back and forth between these two points of 
view. 

If we want to choose an SU(2)-structure compatible with a particular inner product and 
orientation we first choose ui 1 in the S 2 of 2-forms such that (oj 1 ) 2 = 2 vol, and then oj j among 
the S 1 of such forms that are perpendicular to lu 1 (and lu k is then determined by K = IJ). All 
in all, there is therefore an SO(3)-family of SU(2)-structures inducing the same inner product 
and orientation. 
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Remark. Any non-degenerate complex 2-form with square on a real vector space of dimension 
4 is decomposable, and thus determines an SL(2, (C)-structure. 

Calibrations in M 7 . Let (V, g) be an inner product space. A fc-form a € A k V* is said to be 
a calibration if, for every oriented fc-plane n in V, we have ct\ n < vol n . The oriented fc-planes 
7r for which at\ w = vol n are said to be calibrated. 

A G2-form <p and its Hodge dual tp define calibrations with respect to the metric g v . 

Lemma 2.20. 

(i) The 3-form (po and the A-form tpo = *</?o defined in (2.2) and (2.5) respectively are 
calibrations on (M. 7 ,go). 

(ii) If u,v,w is an orthonormal triple of vectors in M 7 , then ipo(u,v,w) = 1 if and only if 
w = u x v. 

(hi) If u,v,w, x is an orthonormal quadruple of vectors in M 7 then ipo(u,v,w,x) = 1 if and 
only ifu= \xq{v,w,x). 

Proof. For any orthonormal quadruple u, v, w, x G R 7 using Cauchy-Schwarz, (2.9a) and (2.9c) 
we have 

(2.21) Po(u, v, w) = go(u x v, w) < \u x v\ \ w\ = 1, 
and 

(2.22) \ip (u,v,w,x)\ = \g {u, \xo{v,w,x))\ < \u\ ||xo(^,^,^)| < 1- 

If w = u x v then (fo(u,v,w) = go(u x v,u x v) = 1. Conversely, if (po(u,v,w) = 1, then 
equality must hold throughout (2.21) and in particular in the Cauchy-Schwarz inequality. 
Hence w = Xu x v for some A6l. But 1 = tpo(u, v, Xu x v) = Xgo(u x v, u x v) = A, hence we 
must have w = u x v. 

Similarly we have equality in (2.22) if and only if u = A|xo( v ) w , x ) f° r some A € R and 
1 7}Xo(v, w, x) | = 1. Hence equality holds in (2.22) if and only if u = ±^xo(v, w, x), and clearly 
we have ipo(±^xo(v, w, x),v, w, x) = ±1. □ 

Definition 2.23. An oriented 3-plane tt in M. 7 calibrated by ipo is called an associative plane. 
An oriented 4-plane it in M 7 calibrated by V'o is called a coassociative plane. 

Lemma 2.24. 

(i) A 3-plane ir is associative (for one choice of orientation) if and only if Xo\tt = 0. 

(ii) Any 2-plane is contained in a unique associative 3-plane. 

Proof, (i) follows directly from (2.9c) and the fact that (po is a calibration, 
(ii) Let {u, v} be an orthonormal basis for the 2-plane. Then {u, v, u x v } is an oriented 
orthonormal basis for an associative 3-plane. Suppose tt is any associative 3-plane containing 
the 2-plane (u, v)-r. Then we can choose an oriented orthonormal basis {u, v, w} for tt extending 
{u, v}. Hence by Lemma 2.20 we must have w = u x v. □ 

Relation to calibrations on C 3 . There are also standard calibrations on C™, given by powers 
of the standard Kahler form and real parts of normalised (n, 0)-forms. The fact that is a 
calibration for each k, and that the calibrated subspaces are precisely the complex fe-planes, 
is known as Wirtinger's inequality. The other type of calibration is described by the following 
lemma. 

Lemma 2.25. 

(i) The n-forms Re(e^ ) are calibrations on (C n ,go) for each 9 6t. 



14 



A. CORTI, M. HASKINS, J. NORDSTROM, AND T. PACINI 



(ii) A real n-plane L C C n is calibrated by Ref^o (for one choice of orientation) if and only 
if"o\L = Im ^o|L = 0. 

Proof. It is easy to see that |^o|l| < 1 f° r an y rea l n-plane L C C n , with equality if and 
only wo|l = 0. Thus |Re(e l6, ^o)|L | < 1 with equality if and only if L is Lagrangian and 
\lm(e ie n ) lL \ = 0. □ 

Note that for each Lagrangian plane L C C n there is a 9 (unique modulo 2ir) such that L is 
calibrated by Re(e i6, ri )- 

Definition 2.26. We call the planes calibrated by Re(e i9 f2o) special Lagrangian with phase 9, 
or simply special Lagrangian if 9 = 0. 

Now consider C 3 with its standard SU(3)-structure (Jlo, ojq) as a hyperplane in M 7 = (ei)ffiC 3 
with the standard product G2-structure ipo = dx 1 Awo + Ref^o given in (2.16). 

Lemma 2.27. 

(i) Let £ C C 3 be a real 2-plane. Then (ei) © I is associative in W if and only if £ is a 
complex line. 

(ii) Let L C C 3 be a real 3-plane. Then L is associative in M7 if and only if L is special 
Lagrangian. 

Proof, (i) ¥>o|(ei)©< = w o|£> so ( e i) © ^ is calibrated by <po if and only if £ is calibrated by ojq. 
(ii) <Pq\l = Re^o|L) so L 1S calibrated by <po if and only if L is calibrated by Re$7o- D 

We can also think of (i) the following way. Let V be a 7-dimensional vector space with 
a G2-structure, u G V a unit vector, and consider the orthogonal complement u 1 - with its 
induced SU(3)-structure (2.17). The complex structure on u 1 - is I u : v i— y u x So for v G u -1 ", 
the unique associative 3-plane in V containing both u and v is (u, v, I u v)r, which is the direct 
sum of (u) and the unique complex line in u 1 - containing v. 

G-structures and manifolds with special holonomy. Let M be a smooth n-dimensional 
manifold. Let GL(M) denote the principal GL(n, M)-bundle of linear frames on M. 

Definition 2.28. Let G be a subgroup of GL(n,R). A G-structure on M is a G-subbundle of 
GL(M). Equivalently, it is a smooth section of the quotient bundle GL{M)/G. 

The G-structures of interest to us can equivalently be defined in terms of a choice of special 
algebraic structure on M. 

G2-structures and manifolds with holonomy G2. 

Definition 2.29. For an oriented manifold M of dimension 7, let A\T*M C A 3 T*M be the 
smooth subbundle of positive 3-forms, in the sense of Definition 2.12. A G2-structure on M 
(compatible with its orientation) is a smooth section of A 3 f T*M, i.e. a smooth 3-form ip such 
that for each x G M there is an oriented isomorphism (T X M, tp) = (M 7 , (fo) . 

It follows from proposition 2.4(h) that A^T^M is an open subset of A 3 T*M; in particular, 
any small perturbation of a G2-structure ip is again a G2-structure. 

Remark 2.30. The existence of G2-structures on a manifold is a topological question. G2 is 
simply connected by proposition 2.4, so G2 ^ SO(7) lifts to G2 Spin(7), and any G2- 
structure induces a spin structure. In fact, the converse also holds: a 7-manifold M admits 
G2-structures if and only if it is orientable and spin. 
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The reason is that G2 is the stabiliser of a non-zero element in the (unique, real, rank 8) 
spin representation of Spin(7). Therefore on an oriented Riemannian 7-manifold with a spin 
structure, G2-structures compatible with the metric, orientation and spin structure (in other 
words, G2-subbundles of the given Spin(7)-bundle) correspond to non-vanishing sections of 
the spinor bundle. Non-vanishing sections always exist because the rank of the spinor bundle 
is greater than the dimension of the base. 

A G2-structure <p> induces a Riemannian metric g v on M, and hence also a Levi-Civita 
connection V v and a Hodge star * v . We may drop the subscripts if the G2-structure is clear 
from the context. The canonical 4-form ip = *p> is also important. 

Definition 2.31. A G2-structure defined by a positive 3-form p is torsion-free if V^p = 0. 

Remark. There is a notion of the intrinsic torsion of a G-structure on M for a general Lie 
subgroup G C GL(n,M) (see e.g. Joyce [38, §2.6]). A G2-structure has zero intrinsic torsion in 
this sense if and only if it is torsion- free according to definition 2.31. 

It follows immediately from the definition of holonomy that if (M 7 ,g) is a Riemannian 
manifold, then Hol(g) is a subgroup of G2 if and only if there is a torsion-free G2-structure p 
on M such that g = g v . 

Definition 2.32. A G2-manifold is a manifold M 7 equipped with a torsion-free G2-structure 
<p and the associated Riemannian metric g v . We say that (M, p) is a manifold with holonomy 
G2 or has holonomy G2 if Hol(M, g^) = G2. 

Holonomy G2 is a much stronger condition on M than the existence of a G2-structure, involv- 
ing the metric. For example, any such metric is Ricci-flat (Salamon [58, Proposition 11.8]). 
On the basis of Berger's classification of holonomy groups one can prove the following, see 
Joyce [38, p. 245]. 

Proposition 2.33. A compact G2-manifold has holonomy G2 if and only if tti(M) is finite. 

Using Hodge theory and the decomposition of the exterior algebra of any G2-manifold 
into irreducible G2-representations one can prove the following additional restrictions on the 
topology of any compact G2-manifold (M,ip,g) manifold with Hol(<7) = G2. 

Proposition 2.34 ([38, p. 246]). Let (M,ip,g) be a compact G2-manifold with Hol(g) = G2, 
and pi (M) <E H 4 (M;Z) the first Pontrjagin class. Then 

(i) (a U a U [<£>]) [M] < for every nonzero a G H 2 (M; R). 

(ii) (pi(M) U [<p])[M] < 0. In particular p^M) / 0. 

By considering how dip and dip are obtained algebraically from V^p one can deduce the 
following characterisation of torsion-free G2-structures. 

Theorem 2.35 ([58, Lemma 11.5]). A smooth positive 3-form p is torsion-free if and only if 
dp = and d* p = (or equivalently dip = 0). 

Remark. Given a Riemannian manifold whose holonomy is contained in the group G2, there 
may be several compatible torsion- free G2-structures. But if the holonomy is exactly G2, then 
the torsion-free G2-structure is unique. 

From the discussion of remark 2.30, a Riemannian manifold has holonomy contained in G2 
if and only if it admits a parallel spinor for some spin structure. Wang [64] gives an explicit 
way to construct a parallel positive 3-form from a parallel spinor. 
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Remark 2.36. We call a G2-structure defined by a closed positive 3-form ip a closed G2- 
structure. Joyce [38, Thm. 11.6.1] gave sufficient conditions under which a closed G2-structure 
with small enough torsion can be perturbed to a torsion-free G2-structure within its cohomol- 
ogy class. 

SU (n) -structures and Calabi-Yau manifolds. Let M be a real 2n-dimensional manifold with 
an SU(n)-structure. Then M is equipped with an almost complex structure /, a real non- 
degenerate 2-form uj equivalent to a hermitian metric g, and an (n, 0)-form $7 of constant 
norm 2™. 

If d£l = then the complex structure is integrable, and f2 is holomorphic. In particular, 
the canonical bundle of M is trivial, so C\(M) = G i7 2 (M;Z). If also duj = 0, then M is a 
Kahler manifold. In particular Vui = 0, so Hol(M) C U(n). The fact that is holomorphic 
of constant norm forces that also Vfi = 0, so actually the holonomy must reduce further to 
Hol(M) C SU(n). 

Definition 2.37. We call an SU(n)-structure torsion-free or a Calabi-Yau structure if Vf2 = 
Vuj = with respect to the induced metric. We call M 2n equipped with a torsion-free Sub- 
structure (£1,oj) and its associated metric a Calabi-Yau manifold. We say that (M 2n ,Q,uj) is 
a manifold with holonomy SU(n) or /ias holonomy SU(n) if its holonomy is exactly SU(n). 

Remark 2.38. Yau's proof [67] of the Calabi conjecture shows that any compact Kahler man- 
ifold M with ci(M) = G H 2 (M;R) admits Ricci-flat Kahler metrics. Ricci-flat Kahler 
manifolds are also often referred to as Calabi-Yau manifolds, which is not quite equivalent to 
our definition: the vanishing of the Ricci curvature implies that the canonical bundle is flat 
so that the restricted holonomy (i.e. the group generated by parallel transport around con- 
tractible closed curves in M, or equivalently the identity component of Hol(M)) is contained 
in SU(n), but if M is not simply connected then there need not be any global holomorphic 
section. 

Now let M 6 be a manifold with an SU(3)-structure (g, I,uj, Q). Then the product manifold 
S 1 x M has a natural product G2-structure. The pointwise model (2.17) shows that in terms 
of the forms the G2-structure is given by 

(2.39) tp = d6Aoj + Ren, 

where 6 is the natural variable on S 1 . The induced metric is the product metric, and for any 
v G TM, ^xv = Iv. 

Lemma 2.40. If (M 6 ,g,I,uj,n) is a Calabi-Yau 3-fold then the product manifold S'xM with 
the above G2-structure is a G2-manifold. 

Observe that S 1 x M is not a manifold with holonomy G2: its holonomy equals Hol(M) C 
SU(3) C G 2 . 

Hyper-Kdhler K3 surfaces. Recall that a K3 surface is a smooth compact complex surface 
(S, I) which is simply connected and whose canonical bundle is holomorphically trivial, i.e. 
tti(S) = and K$ — O5. By definition, S has a non- vanishing holomorphic 2-form Q. Siu 
[59] proved that any K3 surface admits Kahler metrics, and by Yau's solution to the Calabi 
conjecture there exists a unique Ricci-flat Kahler metric uj in every Kahler class and thus 
Calabi-Yau structures (uj, Q,). The pointwise considerations on p. 12 show that a manifold with 
holonomy SU(2) = Sp(l) has an S 2 of integrable complex structures. A Calabi-Yau structure 
(uj, £1) compatible with the metric corresponds to a choice of ordered oriented orthonormal 
triple /, J, K in this S 2 , i.e. complex structures satisfying the usual quaternionic relations. The 
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structure, including the metric, can be recovered from the associated Kahler forms oj 1 , oj j , oj k 
via 

oj = oj 1 , Q. = oj j + i oj k . 

We call a K3 surface S with the structure (oj 1 , oj j , oj k ) a hyper- Kdhler K3 surface. 

Any two K3 surfaces are related by complex deformation. In particular, there is up to 
diffeomorphism a unique K3 surface S. b2(S) = 22, and we will often refer to H 2 (S;Z) with 
its intersection form as the K3 lattice L. It is the unique even unimodular lattice of signature 
(3,19), i.e. 

(2.41) L = 2E 8 (-1) J_ 3U, 

where Eg denotes the unique even unimodular positive definite lattice of rank 8 and U the 
standard hyperbolic lattice. We denote by O(L) the group of isometries of the K3 lattice L. A 
marking of a complex K3 surface (S,I) is an isometry L = H 2 (S;Z). 

3. The twisted connected sum construction of G 2 -manifolds 

In this section we describe the main steps of our construction of compact G2-manifolds. 
Starting from suitable algebraic varieties we first construct asymptotically cylindrical Calabi- 
Yau 3-folds. Given a suitably compatible pair of such manifolds we then form a "twisted 
connected sum" 7-manifold by gluing. The procedure is essentially the same as used by Kovalev 
[39], but as we will describe we change the algebraic starting point to use semi-Fano 3-folds 
rather than Fano 3-folds. The issue of how to satisfy the compatibility condition between the 
ACyl Calabi-Yau manifolds is discussed in detail in §6. Throughout this section all homology 
and cohomology groups are over Z unless explicitly stated otherwise. 

Asymptotically cylindrical Calabi Yau 3-folds. We begin with a review of the definition 
of asymptotically cylindrical Calabi-Yau 3-folds and an analytic existence result; the latter 
reduces the analytic problem of finding asymptotically cylindrical Calabi-Yau 3-folds to a 
problem purely in complex projective geometry. 

Definition 3.1. Let (S 4 ,Is,gs,^s^s) be a hyper-Kahler K3 surface. We call the complex 
3-fold Voo := M + x S 1 x S endowed with the R + -translation invariant Calabi-Yau structure 

loo ■= Ic + Is, 

(32) 9oo :=dt 2 + d$ 2 +g s , 

ojoo := dt A d$ + us, 

fioo : = (d& — idt) A Us, 

(where t and d denote the standard variables on M + and S 1 ) a Calabi-Yau cylinder. 

Definition 3.3. Let (V,g,I,u,Q) be a complete Calabi-Yau 3-fold. We say that V is an 
asymptotically cylindrical (or ACyl for short) Calabi-Yau 3-fold if there exist (i) a compact set 
K C V, (ii) a Calabi-Yau cylinder and (iii) a diffeomorphism rj : — > V\K such that 
for all k > 0, for some A > and as t — > oo, 

rfoj — oJoo = dg, for some g such that \V k g\ = 0(e _A *) 
rf£l - rioo = dq, for some c; such that |V\| = 0(e~ xt ) 
where V and | • | are defined using the metric g^ on . We will refer to = R + x S 1 x S as the 
asymptotic end of V and to the hyper-Kahler K3 surface (S, Is, gs,ojs,&s) as the asymptotic 
K3 surface of V. 
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Remark. Our definition asks that rfw be cohomologous to on the asymptotic end of V. 
However, as long as \rfuj — uj^ — > 0, this is automatic. The main point of the definition is 
thus to impose the existence of specific g and <; with the stated rate of decay. 

Since the complex structures on both M + xS 1 x S and V are determined by the corresponding 
complex volume forms, similar estimates automatically hold for \X7 k (r]*I — ioo)|- The same is 
true for the metrics. 

Remark. We could consider a more general definition of an ACyl Calabi-Yau 3-fold in which the 
cross-section of the asymptotic cylinder is not a priori assumed to split as a product S 1 x S. 
Such ACyl Calabi-Yau 3-folds do exist, but we are not yet able to use them to construct 
compact G2-manifolds. See [33] for further discussion of this and other related issues. 

Our examples of ACyl Calabi-Yau 3-folds arise by application of the following ACyl ver- 
sion of the Calabi-Yau theorem sharpening an earlier result of Tiau-Yau [60, Thm 5.2]. The 
statement is taken from [16, Theorem 2.6]. For details of the proof see [33]. 

Theorem 3.4. Let Z be a closed Kahler 3-fold with a morphism f : Z — > P 1 , with a reduced 
smooth K 3 fibre S that is an anticanonical divisor, and letV = Z\S. If^s is a non-vanishing 
holomorphic 2-form on S, ojs a Ricci-flat Kahler metric satisfying the normalisation condition 
(2.14b), and [ojs] £ H 1 ' 1 ^) is the restriction of a Kahler class on Z , then there is an ACyl 
Calabi- Yau structure (u, Q) on V whose asymptotic limit on M + x S 1 x S is the product structure 
(3.2). 

Remark. Arguments similar to lemma 3.6 below show that the hypotheses of Theorem 3.4 
imply H\(Z) finite and H 2,0 (Z) = 0, so Z must be projective. 

In the statement above we use the fact that the fibration structure of Z implies that V := 
Z\S has an obvious topological end R + x S 1 x S. We call (Z, S) a building block if it satisfies 
some additional topological conditions. These assumptions will simplify the calculation of the 
topological invariants of V in §4. 

Definition 3.5. A building block is a nonsingular algebraic 3-fold Z together with a projective 
morphism /: Z — > P 1 satisfying the following assumptions: 

(i) the anticanonical class — Kz £ H 2 (Z) is primitive. 

(ii) S = /*(oo) is a nonsingular K3 surface and S ~ — Kz- 

Identify H 2 (S) with the K3 lattice L (2.41) {i.e. choose a marking for S), and let N denote 
the image of H 2 (Z) -»• H 2 (S). 

(iii) The inclusion N L is primitive, that is, L/N is torsion- free. 

(iv) The group H 3 (Z) — and thus also H A {Z) — is torsion- free. 

Lemma 3.6. If Z is a building block then 

(i) tti(Z) = (0). In particular, H*(Z) and H*(Z) are torsion-free. 

(ii) H 2 '°(Z) = 0, so N C Pic S. 

Proof, (i) is [16, Lemma 5.2]. For (ii), Serre duality implies H 2 '°(Z) = H X {K Z )*, which vanishes 
by the LES of -> K z -»• O z -»• O s -»• together with H l (Oz) = H lfi (Z) = 0. □ 

Remark. N C L inherits the structure of a lattice from the K3 lattice L. Because of 3.6(h) 
we call N the polarising lattice of the building block Z. The lattice N plays a key role in this 
paper as we explain shortly. 

Further topological properties of building blocks are recalled in Section 4. For now it suffices 
to remark that V = Z \ S is always simply-connected, so that any ACyl Calabi-Yau metric on 
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V has holonomy exactly SU(3). Most of the building blocks we use in this paper arise from 
semi-Fano 3-folds, as we discuss below in Proposition 3.15. We say such ACyl Calabi-Yau 
3-folds are of semi-Fano type; see Definition 3.16 for a precise definition. 

Examples of ACyl Calabi-Yau 3-folds have been constructed previously by similar methods, 
using building blocks obtained from genuine Fanos by Kovalev [39] or from K3s with non- 
symplectic involution by Kovalev-Lee [40] (see remark 3.18). We will call these ACyl Calabi- 
Yau 3-folds of Fano type and non-symplectic type respectively. While there are 105 deformation 
families of smooth Fano 3-folds and 75 deformation classes of K3 surfaces with non-symplectic 
involution, deformation families of semi-Fano 3-folds are much more plentiful and therefore so 
are ACyl Calabi-Yau 3-folds of semi-Fano type. 

The gluing procedure. We can now outline Kovalev's construction of compact G2-manifolds 
by combining a pair of compatible asymptotically cylindrical Calabi-Yau 3-folds. We call this 
the twisted connected sum construction of compact G2-manifolds and refer to the resulting 
G2-manifolds as twisted connected sums. We emphasise at the outset that finding compatible 
pairs of asymptotically cylindrical Calabi-Yau 3-folds is perhaps the most involved part of the 
whole construction. 

Let V± be two asymptotically cylindrical Calabi-Yau 3-folds with structures (g±,I±,w±, Q±)- 
Then as in (3.2) the asymptotic end of V± is of the form Kxd,± = ^ + x S 1 x S± where S± is 
the asymptotic hyper-Kahler K3 surface of V±. Using maps rj± as in Definition 3.3 to identify 
the ends Voo,± with M + x S 1 x S±, on each end we can write 

w± = Woo,± + dg±, 
Q± = ^oo,± + <k±- 

Let p = p(s) : R — > [0, 1] denote a smooth function satisfying p(s) = for p < and p(s) = 1 
for s > 1. For fixed T»0, consider the same manifolds V± endowed with structures ojt,±, 
Qt,± obtained by the following perturbation on the ends: 

(3.7a) UT,±:=oj ± -d{p(t-T+l) Q ±), 

(3.7b) Slr,±:=to±-d(p(t-T + l)<;±). 

Both forms are closed and in the interval t G [T — 1,T] they interpolate between the ACyl 
SU(3)-structure (uj±,Q±) on V± and the product SU(3)-structure (woo,±j ^oo,±) on the ends 
Voo,±- If T is large enough, say T > To, they represent a small perturbation of the original 
structures. 

Now consider the product (asymptotically cylindrical) 7-manifolds M± = S 1 x V±. We let 
9 denote the standard variable on the new S 1 factor, reserving the notation i? for the copy of 
S 1 contained in the ends of V±. We endow S 1 x V± with the 3-forms (cf. (2.39)) 

<~Pt,± '■= d6 A u>t,± + Re £It,±- 

For T > To the forms ipr,± are small perturbations of the G2-structures on S 1 x V± defined by 
the original Calabi-Yau structures on V± as in (2.39), so they are again G2-structures. 

To form the twisted connected sum of M + and M_ we require a certain compatibility 
condition of the pair of asymptotic K3 surfaces S± of V± . The asymptotic limit of V± defines 
a Calabi-Yau structure (ui±, Q±) on S± and a preferred complex structure I± on S±. However, 
recall from p. 17 that S± admits an S 2 of complex structures, and that setting 

(3.8) w ± =w4, ^± = w± + iu±, 

defines a hyper-Kahler structure (ui± , u± , u± ) . These are Kahler forms with respect to complex 
structures I±, J± and K± respectively; the special status of I± is reflected by the ordering. The 
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compatibility condition we need for our pair of ACyl Calabi-Yau 3-folds V± is the existence of 
the following special type of map between their asymptotic hyper-Kahler K3 surfaces. 

Definition 3.9. Consider two hyper-Kahler K3 surfaces S±. A map r : S+ — > S- is a hyper- 
Kahler rotation if r*<7_ = g + , r*/_ = J + and r* J_ = I + ; the hyper-Kahler relationship I J = K 
then implies that r*K_ = -K + . Equivalently, r*uL = urf, t*ujI = lj+ and r*w5 = — w+ . 

As soon as we are given a pair of ACyl Calabi-Yau 3-folds V± for which we can establish 
the existence of a hyper-Kahler rotation r between the asymptotic hyper-Kahler K3 surfaces 
S± then we can glue the two 7-manifolds M± = S 1 x V± together by their ends, as follows. On 
the region defined by t € (T, T + 1) consider the diffeomorphism 

F : S 1 x Voo + ^ S 1 x R+ x S 1 x S + — ► S 1 x M+ x S 1 x S- S 1 x -, 
3.10 ' ' 

{9,t,-d,x) .— > (0, T+l-i, 0, r(x)). 

Notice that by (3.7) we are working on regions where (£It,±,^t,±) are the standard product 
structures (3.2). Thus, using (3.8), the G2-structures on these regions can be written 

<Pt,± = d6 A Woo ,± + Re VLoo + 
(3-11) j j K 

= ol6 Adt Adtf + dO A + d& Aoul + dt Awf 



The compatibility condition for r given in 3.9 implies immediately that F*(fT- — <Pt,+- Now 
truncate each S 1 x V± at t = T + l to form a pair of compact manifolds M±(T) with boundaries 
S 1 x S 1 x S± . Using F we can glue these manifolds together at the boundary to form a 'twisted 
connected sum' M r = M + (T) U p M- (T) . This is a smooth compact 7-manifold (independent 
of T up to diffeomorphism but depending on the choice of the hyper-Kahler rotation r) , which 
admits a closed G2-structure (fT, r defined by setting its restriction to M±(T) to equal ipT,±- 
With respect to the metric of (Pt,t, M r contains an approximately cylindrical neck of length 
~ 2T. For large T, the torsion of tpT, r (which is measured by d*ifT,r according to theorem 
2.35) is exponentially small in T. Kovalev [39, Theorem 5.34] uses this to prove that there 
are nearby torsion-free G2-structures (one could also apply more general results of Joyce, see 
remark 2.36). 

Theorem 3.12. Let (V±,cu±,Cl±) be two asymptotically cylindrical Calabi-Yau 3-folds whose 
asymptotic ends are of the form M + x S 1 x S± for a pair of hyper-Kahler K3 surfaces S±, 
and suppose there exists a hyper-Kahler rotation r : S+ — > S-. Define closed G2-structures 
ifT,r on the twisted connected sum M r as above. For sufficiently large T there is a torsion-free 
perturbation of (fT,r within its cohomology class. 

Whenever the V± in the theorem have holonomy SU(3), [33, Proposition 2.15] implies that 
their fundamental groups are finite and generated by the S 1 factors in the cylindrical ends. 
The Van Kampen theorem implies ni(M T ) = 7Ti(V+) x 7Ti(V r _) is finite, so the holonomy of 
the metric defined by the torsion-free G2-structure on M r is exactly G2 by proposition 2.33. 
Any ACyl Calabi-Yau 3-fold V of semi-Fano or Fano type is simply connected and therefore 
twisted connected sums using them are also simply connected. The 74 deformation families of 
ACyl Calabi-Yau 3-folds of non-symplectic type are also simply connected [40, Lem 4.2]. 

ACyl Calabi-Yau 3-folds from semi-Fano 3-folds. It remains to explain how we can 
construct ACyl Calabi-Yau 3-folds suited to the twisted connected sum construction from 
semi-Fano 3-folds. To this end we now recall from [16, §4] the definition and a few of the 
basic properties of semi-Fano 3-folds; we refer the reader to [16] for proofs of the facts recalled 
here and for a much more comprehensive treatment of semi-Fano 3-folds, including relevant 
algebro-geometric background. 
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A semi-Fano 3-fold is a particular type of weak Fano 3-fold, a generalisation of a Fano 3-fold 
in which the positivity of —Ky is replaced with a sufficiently strong notion of semi-positivity. 

Definition 3.13. A weak Fano 3-fold is a nonsingular projective complex 3-fold Y such that 
the anticanonical sheaf —Ky is a nef and big line bundle, i.e. —Ky ■ C > for any compact 
algebraic curve C C Y and (— Ky) 3 > 0. For any weak Fano 3-fold Y the integer (— Ky) 3 is 
an even integer which we write 2g — 2; (—Ky) 3 = 2g — 2 is called the anticanonical degree of 
Y and g the genus of Y. 

The index of a weak Fano 3-fold Y is the integer r = divci(Y), i.e. the greatest divisor of 
Cl (Y)£H 2 (Y). 

From the classification of Fano 3- folds we know that there are exactly 105 deformation 
families of smooth Fano 3- folds. For weak Fano 3-folds we still know that there are only 
finitely many deformation families. However, there are many more deformation families of 
weak Fano 3-folds as explained in [16] and a classification of all weak Fano 3-folds looks a long 
way off. 

If Y is a weak Fano 3- fold then for n sufficiently large the linear system |— nKy | is basepoint- 
free. It follows that 

R(Y, -Ky) := e n > H°(Y; -nKy) 

is a finitely generated ring called the anticanonical ring of Y. We call the birational morphism 
ip: Y — > X := Proj R(Y, — Ky) attached to | — -KV| the anticanonical morphism of Y and X 
the anticanonical model of Y. X is a singular Fano 3-fold with mild (at worst Gorenstein 
canonical) singularities and ip: Y — > X is a crepant resolution of X, i.e. ip*Kx = Ky. 

Conversely, if Y is a projective crepant resolution <p: Y — > X of a Fano 3-fold X with 
Gorenstein canonical singularities then Y is a weak Fano 3-fold whose anticanonical model 
is X. In other words, one way to exhibit weak Fano 3-folds is to find projective crepant 
resolutions of Gorenstein canonical Fano 3-folds. For instance a sufficiently general quartic 
XcP 4 that contains a projective plane II is a suitable singular Fano 3-fold; X has exactly 
9 singular points, all ordinary nodes contained in II and admits a projective crepant (in fact 
small) resolution <p: Y — > X, obtained by blowing up the plane II: Y is a weak Fano 3- fold 
which we use later in the paper — see Example 7.3. 

A key fact about any smooth weak Fano 3-fold Y is that a general anticanonical divisor 
S £ \ — Ky\ is a nonsingular K3 surface. From now on we make the following extra assumption 
about all the weak Fano 3-folds we will use in this paper. 

Assumption: the linear system |— Ky \ contains two nonsingular members So, Soo intersecting 
transversally. 

The few weak Fano 3-folds for which this assumption is not satisfied are classified: see [16, §4] 
and references therein for further details. 

Under the assumption above a generic pencil in |— Ky\ has a base locus which is a smooth 
curve (of genus g = g(Y)). Hence from Y we can construct a smooth projective 3-fold Z fibred 
over P 1 by (generically) smooth anticanonical K3 fibres by blowing up the base locus of a 
generic pencil \Sq, S^l C |— Ky\: see [16, Proposition 4.24]. Therefore by Theorem 3.4 we can 
construct ACyl Calabi-Yau structures on V := Z \ S. 

However, for the purposes of this paper it is convenient to restrict to ACyl Calabi-Yau 
structures obtained from a subclass of weak Fano 3-folds which we call semi-Fano 3-folds. 
There is still a large number of deformation families of semi-Fano 3-folds. 

Definition 3.14. Let Y be a weak Fano 3-fold and ip: Y — > X its anticanonical morphism. 
If ip is semi-small, we call Y a semi-Fano 3- fold, i.e. the anticanonical morphism ip: Y — > X 
can contract divisors to curves, or curves to points, but not divisors to points. 
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From any semi-Fano 3-fold Y satisfying our assumption above we can obtain a building block. 

Proposition 3.15 ([16, Props. 4.24 & 5.7]). Let Y be a semi-Fano 3-fold with H 3 (Y) torsion- 
free, \So,Soo\ C | — -KV| a generic pencil with (smooth) base locus C, S G | So, Sod generic, 
and Z the blow-up of Y at C. Then S is a smooth K3 surface, its proper transform in Z is 
isomorphic to S, and (Z,S) is a building block in the sense of definition 3.5. Furthermore 

(i) the image N of H 2 (Z) -»• H 2 (S) equals that of H 2 (Y) -»• H 2 (S); 

(ii) Ampy C Amp z , where Amp y and Amp z denote the images in C H 1 ' 1 (S) of the 
Kahler cones of Y and Z; 

(iii) H 2 (Y) —7- H 2 (S) is injective, implying that K = in (4.1). 

Definition 3.16. We will refer to a building block (Z,S) arising from Proposition 3.15 as a 
building block of semi-Fano type. By Theorem 3.4 we can obtain ACyl Calabi-Yau structures 
(oj, ft) on V := Z \ S and we call (V,u, an ACyl Calabi-Yau 3-fold of semi-Fano type. 

Remark 3.17. The significance of 3.15(h) is that theorem 3.4 ensures that exactly the classes 
in Amp^ can be represented by the asymptotic limit of an ACyl Calabi-Yau Kahler form uj 
on V. Note that Ampy and Amp^ are typically proper subcones of the Kahler cone of S, even 
when Y is Fano (c/. remark 6.16). We need to pay attention to this in the matching argument 
in §6. 

Sometimes one can get different building blocks from the same semi-Fano by blowing up base 
loci of non-generic anticanonical pencils (cf. Examples 7.8, 7.9, 7.11). In this case extra work 
is required both to check that the topological conditions of a building block are satisfied, and 
to apply the matching arguments from §6. To avoid ambiguity, the term semi-Fano type will 
always refer to blow-ups of generic pencils as in proposition 3.15, and we will warn explicitly 
in the few cases where we use non-generic pencils. 

Remark. We do not know any example of a semi-Fano 3- fold Y with torsion in H 3 (Y), but 
cannot in general prove H 3 (Y) is torsion- free: see [16, §5] for further remarks in this direction. 
This assumption is used to prove that H 3 (Z) is torsion-free as required in Definition 3.5(iv). 
Note that this condition is only used in order to simplify the calculation of the full integral 
cohomology. Dropping it would not affect the more crucial matching arguments, but in the 
absence of known examples with torsion in H 3 (Z) we do not concern ourselves with this 
generality. 

If Z is obtained — in the manner of Proposition 3.15 — from a weak Fano Y which is not 
semi-Fano then the natural map H 2 (Y) — > H 2 (S) cannot be injective, since the class of any 
contracted divisor lies in the kernel. It is also not clear that the map has to have primitive 
image; in particular Z might not be a building block in the sense of Definition 3.5 because 
property (iii) could fail. 

By varying the choice of semi-Fano 3-fold Y within its deformation type y, the choice 
of generic pencil |So,Soo| C |— Ky\ and the choice of a generic S 6 |So,Soo| we can obtain 
families of ACyl Calabi-Yau structures on the same smooth 6-manifold V. Varying the ACyl 
Calabi-Yau structure on V this way allows us to obtain different asymptotic hyper-Kahler K3 
surfaces S. 

This observation is crucial when we come to construct pairs of compatible ACyl Calabi-Yau 
3-folds. Given a fixed pair of ACyl Calabi-Yau 3-folds V± in general it will not be possible 
to construct any hyper-Kahler rotation r between the asymptotic K3 surfaces S±. However, 
for ACyl Calabi-Yau 3-folds of semi-Fano type we will prove that in many cases it is possible 
to deform the pair of ACyl Calabi-Yau structures on the 3-folds V± as above, so that within 
these deformation families a compatible pair does exist. To achieve this it is important to 
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understand which hyper-Kahler K3 surfaces can arise as the asymptotic K3 surface of ACyl 
Calabi-Yau 3-folds of semi-Fano type. 

If Y is a semi-Fano 3-fold then Proposition 3.15(i) shows that the polarising lattice N of a 
semi-Fano type block obtained from Y is isomorphic to H 2 (Y). Therefore the asymptotic K3 
surface S of an ACyl Calabi-Yau 3-fold of semi-Fano type obtained from any deformation of 
Y has a primitive sublattice isomorphic to PicY = H 2 {Y) in Pic S. 

So rkPicS > b 2 (Y), whereas a generic (projective) K3 surface S has rkPicS = 1. In other 
words, the larger b 2 (Y) is the more special the K3 surfaces that can arise as asymptotic K3 
surfaces obtained from a fixed deformation type y of semi-Fanos via Proposition 3.15. The 
moduli theory of K3 surfaces whose Picard group contains a given sublattice N — so-called 
lattice polarised K3 surfaces — is well- understood and was reviewed in our previous paper [16]. 
We will need to know that the generic lattice polarised K3 surface of a given type occurs as 
the asymptotic hyper-Kahler K3 surface of some ACyl Calabi-Yau structure obtained from 
a given deformation type y of semi-Fano 3-folds via Proposition 3.15. The proof of this fact 
relies on semi-Fano 3-folds enjoying a better deformation theory than general weak Fano 3- 
folds: see [16, §6]. The improved deformation theory uses the stronger cohomology vanishing 
theorems available for semi-Fano 3-folds. 

We will explain the above more precisely when we explain how to construct compatible pairs 
of ACyl Calabi-Yau 3-folds V± by orthogonal matching in Section 6. 

Remark 3.18. Another kind of building blocks was defined by Kovalev and Lee [40] from K3 
surfaces S with non-symplectic involution, i.e. with an involution r acting as —1 on H 2,0 (S). 
In Nikulin's classification, 1 of the 75 families of non-symplectic involutions acts freely. In the 
other 74 cases, resolving the singular set of (S x P 1 )/(r, — 1) by blow-up defines a simply- 
connected building block Z, which we say is of non-symplectic type. 

The polarising lattice of Z is the r-invariant part iV of H 2 (S). N characterises r in the 
sense that a generic A-polarised K3 admits an equivalent involution. The matching arguments 
we will use for families of semi-Fano blocks can therefore also be used for families of non- 
symplectic blocks. The image Amp^ C H l,1 (S) of the Kahler cone of Z is the full Kahler cone 
of S [40, Prop. 4.1]. rk K (as defined in (4.1)) is twice the number of fixed components of r, 
so at least 2 [40, (4.3)]. 

Semi-Fano 3-folds from nodal Fano 3-folds. While our general theory will allow us to find 
compatible pairs of ACyl Calabi-Yau 3-folds of semi-Fano type, most of the specific semi-Fano 
3-folds we use to build concrete G2-manifolds in this paper satisfy additional properties which 
we now describe. 

An important special class of semi-Fano 3-folds are those for which the anticanonical mor- 
phism ip: Y — > X is not just semi-small but small, i.e. contracts only finitely many curves. A 
special case — and for this paper by far the most important case — is when A is a nodal Fano 
3- fold, i.e. X has only finitely many singular points each (locally analytically) equivalent to 
the 3- fold ordinary double point. In this case any small resolution Y of X replaces each node 
with a smooth rational curve P 1 with normal bundle 0{— 1) © 0(— 1). Most of the semi-Fano 
3-folds Y we consider in detail in this paper will arise from projective small resolutions of 
nodal Fano 3-folds. 

Remark. When the semi-Fano Y arises as a projective small resolution ip: Y — > X of a nodal 
Fano X then each exceptional curve C of ip gives rise to a compact rigid curve C in the ACyl 
Calabi-Yau 3-fold V = Z\S constructed from Y using Proposition 3.15. These compact rigid 
curves in V will allow us to construct compact rigid associative 3-folds in twisted connected 
sum G2-manifolds built using V. 
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Whenever the anticanonical morphism <p of a semi-Fano 3-fold Y is small we have the 
following additional features: 

(i) The anticanonical model X is a Fano 3-fold with Gorenstein terminal (and therefore 
isolated) singularities. 

(ii) The small projective morphism ip: Y — > X can be flopped. Flopping yields other smooth 
semi-Fano 3-folds Y' with the same anticanonical model X and whose anticanonical 
morphism p' : Y' — > X is also small. 

(iii) X is smoothable by a flat deformation and hence is a degeneration of a nonsingular Fano 
3-fold Xf. In particular, the Picard ranks and the Fano indices of X and Xt are equal. 

The topologies of the smooth 3-folds Y and X t and the singular 3-fold X are closely related. 
The following is explained in much greater detail in our previous paper [16]. In the current 
paper we will need some of the facts below in our discussion of G 2 -transitions in Section 8 but 
not elsewhere in the paper. 

Since X is singular in general it need not satisfy Poincare duality. One way to define the 
defect of X is as the following measure of failure of Poincare duality on X, 

(3.19) a(X) := rkH 4 (X) - rkH 2 (X). 

The existence of a projective small resolution <p: Y — > X can be shown to force the defect 
cr(X) to be positive. Also for any small resolution p: 7->Iwe have 

(3.20) b 2 (Y) = b 2 (X) + a(X) = b 2 (X t ) + a(X). 

In particular, if we think of starting from a smooth Fano Xt, degenerating to the singular 
Fano X and then resolving to obtain the smooth semi-Fano 3-fold Y then necessarily b 2 (Y) > 
b 2 (Xt). For instance, if Y is a small resolution of a generic quartic containing a plane II then one 
can show that o~(X) = 1, b 2 (Xt) = b 2 (X) = 1 and hence b 2 (Y) = 2. Therefore the asymptotic 
K3 surfaces in ACyl Calabi-Yau 3-folds of semi-Fano type Y are more special than those in 
ACyl Calabi-Yau 3-folds of Fano type Xt. One can interpret this as saying that finding an ACyl 
Calabi-Yau 3-fold compatible with an ACyl Calabi-Yau 3-fold of semi-Fano type Y should be 
harder than finding one compatible with an ACyl Calabi-Yau 3- fold of Fano type Xt. 

If A is a nodal 3-fold with e nodes and defect a one can show that the third Betti numbers 
b 3 of Y, X and X t are related as follows 

(3.21) b 3 (X) = b 3 (X t ) + a-e, b 3 {Y) = b 3 {X t ) - 2e + 2a. 

Since one always has a < e the second equation shows that b 3 (Y) < b 3 (Xt). 

To summarise, in passing from the smooth Fano Xt to the smooth semi-Fano Y b 2 must 
increase whereas b 3 typically decreases. We will discuss the significance of these facts for G2- 
manifolds arising as twisted connected sums of ACyl Calabi-Yau 3-folds of semi-Fano type in 
Section 8. 

4. Topology of the G 2 -manifolds 

In this section, we collect some tools to compute topological invariants of G2-manifolds that 
are obtained by gluing asymptotically cylindrical Calabi-Yaus. All homology and cohomology 
groups in this section are over Z unless explicitly stated otherwise. 

Cohomology of the building blocks. Here we recall notation and some computations of 
cohomology groups from [16, §5]. First recall the definition of a building block from 3.5. We 
denoted there by N the image of H 2 (Z) — > H 2 (S) = L. We regard JV as a lattice with the 
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quadratic form inherited from L. In examples, N is almost never unimodular, so the natural 
inclusion N ^ N* is not an isomorphism. We write 

T = N L = {I G L | </, n> = V n G N}. 

(T stands for "transcendental" ; in examples, N and T are the Picard and transcendental lat- 
tices of a lattice polarized K3 surface.) Using N primitive and L unimodular we find L/T ~ N* . 

Let V = Z \ S, and write H = H 2 (V). Since the normal bundle of S in Z is trivial, there 
is an inclusion S <— > V well-defined up to homotopy. We let 

(4.1) p: H — ^ L the natural restriction map, and K = Ker(p). 

It follows from (ii) of the following lemma that the image of p equals N. 

Lemma 4.2. Let f : Z — >■ P 1 be a building block. Then: 

(i) 7ri(V) = (0) andH\V) = (0); 

(ii) the class [S] G H 2 (Z) fits in a split exact sequence 

(o) -> z ^> f 2 (z) -> # 2 (y) -> (o), 

hence H 2 (Z) ~ Z[S] © i? 2 (y), and i/te restriction homomorphism H 2 (Z) — > L factors 
through p: H 2 (V) = H L; 

(iii) i/iere is a spZii exact sequence 

(0) -»• # 3 (Z) -»• # 3 (F) — > T — )■ (0), 

Zience # 3 (F) ~ H 3 (Z)®T; 

(iv) i/iere is a spKt exact sequence 

(o) -> TV* -> # 4 (z) -»• F 4 (y) -> (o), 

hence H 4 (Z) ~ F 4 (U) © iV*; 

(v) tf 5 (v) = (o). 

Corollary 4.3. Let /: Z — ► P 1 be a building block. Since the normal bundle of S in Z is 
trivial, we get a natural inclusion of S x S 1 C V. Denote by a G i?°(S 1 ) ; a 1 G iif 1 (S 1 ) the 
standard generators. The natural restriction homomorphisms: 

pm. H m(yj H rn( S x gl) = & jjm^ Q ^H^-l^ 

are computed as follows: 

(i) /3 1 = 0; 

(ii) /3 2 : H 2 (V) -»• # 2 (S x S 1 ) = a°# 2 (S) is t/ie /lomomorp/iism p: H -»• L; 

(iii) /3 3 : # 3 (y) -»• # 3 (S x S 1 ) = a^H^S) is the composition H 3 (V) -» T C L; 

(iv) f/ie natural surjective restriction homomorphism H (Z) — > H (S) = Z factors through 
f3 A : H 4 (V) -»• # 4 (S x S 1 ) = a°H 4 (S) = Z, and there is a split exact sequence: 

(o) ->• -> if 4 (y) ^> # 4 (s) -> (o). 

Cohomology of the 7-manifolds. We are interested in smooth 7-manifolds M constructed 
as follows. Start with two building blocks (Z + ,S + ), (Z-,S-) and a hyper-Kahler rotation 
r: 5+ — > S-. Let §(S±) = S± x C V± denote the unit normal bundles of S± in Z±. We 
glue M+ = V+ x Si with M_ = V- x S 1 ^ identifying the ends via the diffeomorphism of 
S(5+) x Si = S + x T 2 with S(5_) x S 4 . = x T 2 that identifies 5+ with S_ by the hyper- 
Kahler rotation r and exchanges the two factors of T 2 (see (3.10)). For the purposes of this 
section r is fixed and, using this identification, we let S denote S+ = S-. 
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We now compute the cohomology groups of M in terms of the cohomology groups of Z±, 
the restrictions p± : H± — > L, their kernels K± and their images N± C L, which are prim- 
itive sublattices by assumption. Our main tool is the Mayer- Vietoris exact sequence for the 
decomposition M = M + U M_ along the common intersection W = S x S+ x Si : 

(4.4) H rn ~ l {M + )®H rn ' l {M^) -»• H™- 1 ^) -> H m (M) ^> H m (M+ ) © H m (M_ ) ^> JT^W) 

We write 7 m = 7 ™ © 7 ™ : H m (M + ) © H m (M_) -»• tf m (W). 

Lemma 4.2 shows that H m (M±), thus Im(/? m ), is torsion-free. Sequence (4.4) thus yields 
isomorphisms 

(4.5) F m (M) ~ Im(p m ) © Ker(p m ) ~ Ker( 7 m ) © Cok^" 1 " 1 ). 
The key task is thus to describe the homomorphisms 7 m . 

Lemma 4.6. £e£ Z± — > F 1 be building blocks; let M± and M be as above. We use the self- 
explanatory notation: 

H m (M + ) = a°_H m (V + )® S L 1 _H m - 1 (V + ) 
H m (M-) = BL°.H m (V-)@&X Hm ~ 1 ( V -) 

and 

H m (W) = a° + a°_H m {S) © a\a°_H m ' 1 (S) © a° aitf™" 1 ^) © a^al H m ~ 2 (S). 

The homomorphisms 7 m : H m (M + ) © i? m (M__) — > H m (W) that occur in the Mayer- Vietoris 
sequence are computed as follows: 

(i) H 1 {M + )®H 1 {M^) = a 1 _H°{V + )®a\H°{V-), 
H l {W) = 8L%aLH°{S) ®a\a _H (S), and 

7 1 = (J J) : #°(^+) © #°(V_) -> © 

is i/ie natural isomorphism. 

(ii) F 2 (M+) © # 2 (M_) = a tf+ © a° Jf_, 

tf 2 (W) = a° a° # 2 (S) © a^ai^°(5) = L © 1[S], and 



72= ( P + ^o) ■■H+®H_^L®Z[S}. 



(iii) # 3 (M+) © # 3 (M_) = a°_H 3 {V + ) © ai# 2 (V+) © a%H 3 (V-) © a^# 2 (V_), 
# 3 (W) = a^a° H 2 {S) © a° ai# 2 (S) ; and 

(iv) H 4 (M+) © # 4 (M_) = a° H A {V + ) © ai# 3 (V + ) © a° H A (V-) © a^ 3 (T/_), 
F 4 (VF) = a° + a°_H 4 (S) © a^ai# 2 (,S) = # 4 (S) © L, and 

7 4 =(^ + ^3 ^ ^ ) :i^ 4 (VV)ffii/ 3 (y + )ffi^ 4 (y-)ffi^ 3 (^)^ J ff 4 (5)ffiL. 

Proof. Straightforward. □ 

Theorem 4.7. 

(i) tti(M) = (0) and /^(M) = (0); 

(ii) F 2 (M) = Ker [#+©#_ -> JV + + iV_l, in other words, H 2 (M) ~ (iV+n 
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(iii) h 3 {m) ~ z[5] e (L/ N++N _)e (jv_ n r+) © (iv+ n r_) © 3 (z+) © # 3 (z„) © k+ © 

(iv) F 4 (M) ~ i7 4 (5)ffi(r + nT_)ffi(L/ J v_ +T+ )ffi(L/ 7V++T Jffii7 3 (Z + )ffii7 3 (Z_)ffiK;ffi^* . 

Proof. Since 7Ti(V±) = (0), the van Kampen theorem for the decomposition M = M + U M_ 
along the common intersection W = S x T 2 immediately implies that 7Ti(M) = (0). 

We know that 7 is surjective and 7 1 injective, hence (i). Since 7 1 is surjective, H 2 (M) = 
Ker(7 2 ) = Ker (H + @H- — > N++N-). Thus, we have an exact sequence: 

04i + ©if_4 H 2 (M) — >• N + n N- ->■ (0), 

which is split since N + C\N- is torsion- free (ii). To show (iii) note first that, from the description 
of 7 2 , it is clear that 

Cok( 7 2 ) = Z[S]®(L/ N++N _). 
Now Ker(7 3 ) is a direct sum of two pieces 

(/3 3 p_) : H 3 {V+) © H- -> L\ © Ker [(/3 3 p+) : H 3 (V-) ® H + ^ L . 

Each of these kernels is computed by a split exact sequence: 

(0) -> # 3 (Z ± ) © i^=p —7- Ker ± -»• iV T n T± -»• (0) 

and (iii) follows from (4.5). To show (iv) note first that, from the description of 7 s , it is clear 
that 

Cok( 7 3 ) = (L/ N++T _) © (L/ N _ +T+ ). 
Now Ker(7 4 ) is the direct sum of two pieces 



Ker 



Ker 



(Pi j3i) : H 4 (V + )(BH 4 (V^) -^H^(S)] ©Ker[(/3 3 f3 3 _) : H 3 (V + ) (B H 3 (V^) ^ L 



The first of these kernels is isomorphic to H 4 (S) © © X* ; the second is isomorphic to 
(T+ n T_) © H 3 (Z + ) © H 3 (Z-), and (iv) again follows from (4.5). □ 

From theorem 4.7 we can immediately identify the torsion part of the cohomology. 

Corollary 4.8. 

(i) Tor H 3 (M) ~ Tor(LAv ++7V _); 

(ii) Tor tf 4 (M) ~ Toi(L/ N _ +T+ ) © Tor(L/iV ++ T_). 

While it is not of central importance to our application, let us also determine the torsion 
linking form on Tor H 4 (M). Recall that for a closed oriented manifold M of odd dimension 
2n — 1, the torsion linking form can be interpreted as follows: Let a, (3 be cocycles representing 
torsion elements in H n (M). Then ka = for some (n— l)-cocycle 7 and k > 2. The evaluation 
of the cup product 7 U (3 on the fundamental class [M] is independent of choices modulo k, so 
the linking form b([a], [/?]) = ^(7 U /3)[M] G Q/Z is well-defined. 6 is symmetric if n is even, 
and skew-symmetric if n is odd. 

Lemma 4.9. /n (ii) ; the two summands are isotropic with respect to the torsion-linking form. 

Proof. The L/at + +t_ summand in H 4 (M) is the image of a}_H 2 (S) under the Mayer- Vietoris 
boundary map, and its elements can be described as follows. Given an element in L, take a 
cochain a on S representing it and extend it to a cochain a + on V + . Then da + has compact 
support, and a}_da + can be extended to a closed cochain on M. 

Now suppose that [a] represents a torsion element of Lj jv ++ r_, i.e. ka G N + + T_ for some 
k > 2. To compute the torsion linking of the image [alda+J G H 4 (M) with some other torsion 
element we need to identify a prederivative of a}_da + that is defined on all of M. There is a 
closed 2-cycle (3 + on V + and a closed 3-cycle /3_ on V_ such that a}_ka = aL/3 + \w + a+/3_|vi/- 
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So ka}_da + = d(a 1 _(ka + — /?+)), and a i _(ka + — j3 + ) can be extended to a form that is closed 
on M_. 

Thus, if [a 1 ] represents some other torsion element of L/n ++ T- then the torsion linking of 
their images in H (M) is given by the cup product of the cochains al(A;a+ — /3+) and al<ia/ + 
(divided by k). This vanishes because it contains two factors of a;L, and hence the Tor L/ at + +t_ 
summand is isotropic. □ 

In fact, one can see from the proof that the torsion linking form is given by the following 
natural pairing 

Tot(L/ n _ +t+ )x Tot(L/ n++t _) -> Q/Z 
(H[/3])^6(H [/?]). 

We can write ka = n + t for some k > 1, n G iV_, i G T+. <t,f3> = —<n,/3> mod is 
independent of choice of n and i because /3 _L iV_ + T+, and it is also independent of the 
choices of representatives a, j3 G L. Therefore b([a], [/?]) = |<t,/3> G Q/Z is well-defined. 

Remark. If H 3 (Z) is not torsion- free, then corollary 4.3 remains true, except that — > K — > 

ft 4 

H 4 (V) — > H A (S) —7- 0, where there are natural isomorphisms K = Hom(ET,Z) and Tor K = 
Tori/ 4 (Z). Theorem 4.7 remains true too except that appearances of K± should be replaced 
by K± (but proving that the short exact sequences used in the proof split becomes a bit more 
complicated). Then Tor H A (M) contains summands Tor H A (Z±) © Tor H 3 (Z±). The torsion 
linking form on these terms is the obvious one. 

Remark 4.10. The fact that the torsion of H 4 (M) always splits as a direct sum of two subgroups 
isotropic under the torsion-linking form means that for manifolds of this twisted connected 
sum type, the isomorphism class of the torsion-linking form is determined by the isomorphism 
class of H 4 (M). 

Smooth type of connected-sum G2-manifolds. Many of the G2-manifolds we construct 
in this paper are 2-connected; in this case we can compute classifying topological invariants 
and in many cases determine the diffeomorphism type of the underlying smooth 7-manifold. 
These are the first compact manifolds with holonomy G2 for which the diffeomorphism type of 
the underlying 7-manifold has been determined. We will see in §7 that in many cases we can 
get 7-manifolds with the same invariants by taking the twisted connected sum of completely 
unrelated pairs of building blocks, and can thus construct different metrics with holonomy G2 
on the same underlying smooth 7-manifold. Judicious choices of pairs of building blocks allow 
us to vary the number of compact associative 3-folds we can exhibit in different G2-holonomy 
metrics on the same smooth 7-manifold. 

Let us first review the classification theory of smooth 2-connected 7-manifolds; we concen- 
trate on the simplest case, namely where the cohomology is torsion- free. Lemma 4.17 gives 
sufficient conditions on a twisted connected sum manifold M to ensure that M is 2-connected 
with torsion-free cohomology, and therefore the classification theory discussed below applies 
to M. 

Almost- diffeomorphism classification of smooth closed 2-connected 7-manifolds. Two smooth 
manifolds M, N are almost- diffeomorphic if there is a homeomorphism M — >■ N that is smooth 
away from a finite set of points; this is equivalent to M being diffeomorphic to N#H for 
some homotopy sphere S. Recall that by the /i-cobordism theorem, any homotopy sphere in 
dimension n > 4 is an exotic sphere, i.e. a smooth manifold homeomorphic to S n ; under 
connected sums the homotopy spheres form a finite abelian group denoted n . The group 
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07 of exotic 7-spheres is Z/28Z. It turns out that the classification of smooth 2-connected 
7-manifolds is the same up to homeomorphism as up to almost- diffeomorphism; in particular 
there are at most 28 smooth structures on any 2-connected topological 7-manifold. 

Let M be a smooth connected closed 7-manifold that is 2-connected, i.e. iri(M) and iT2(M) 
are trivial. Then Hi(M) ^ H 2 {M) = by the Hurewicz theorem, so H l (M) = H 2 (M) = 
by universal coefficients and H 5 (M) = H 6 (M) = by Poincare duality. So apart from 
H°(M) = H 7 (M) = Z the only non- vanishing cohomology groups are H 3 (M), which is torsion- 
free, and H 4 (M), whose free part is isomorphic to H^(M). If H 4 (M) is torsion- free then all 
the information about the cohomology of M reduces to the integer 6 3 (M) = b 4 (M). 

Another invariant of M is the first Pontrjagin class p±(M) £ H (M). If H 4 (M) is torsion- 
free then the position of p±(M) in H 4 (M) up to isomorphism is determined by the greatest 
divisor divpi(M) 6 N. Wilkens [65, p28] shows that p\{M) G H 4 (M) is divisible by 4 for any 
2-connected 7-manifold M (cf. remark 4.22). For our purposes, the following special case of 
the classification results of Wilkens [65, Theorem 3] will suffice. 

Theorem 4.11. Smooth closed 2-connected 7-manifolds M with H 4 (M) torsion-free are clas- 
sified up to almost- diffeomorphism by the isomorphism class of the pair (H 4 (M) , pi(M)) , or 
equivalently by the non-negative integers b (M) and divpi(M). Moreover, any pair of non- 
negative integers of the form (k,4m) is realised as k = b 4 (M) and Am = divpi(M) for some 
smooth closed 2-connected 7-manifold M . 

By Novikov [53] rational Pontrjagin classes are natural under homeomorphisms. In the 
absence of torsion in H 4 , so are the integral classes, i.e. pi(M) = f*p\{N) for any homeomor- 
phism f:M-}N. Since the classifying almost-diffeomorphism invariants are also invariant 
under homeomorphism, it follows that the classification up to homeomorphism is the same. 

Remark 4.12. When H 4 (M) has torsion, the invariants in theorem 4.11 need to be amended. 
Instead of pi(M), one should use the primary obstruction p±/2(M) £ H 4 (M) to the stable 
parallelisability of TM. The two classes are related by pi(M) = 2p 1 / 2 (M), but in the presence 
of 2-torsion this is not sufficient to determine P\/2(M) from p\{M). The torsion-linking form 
b : TH 4 (M) x TH 4 (M) ->• Q/Z (defined following 4.8) is another obvious invariant; Wilkens 
showed that the isomorphism class of the triple (H 4 (M),b,pi/2(M)) classifies M up to almost- 
diffeomorphism when H 4 (M) has no 2-torsion. Crowley [17, Theorem B] showed that when 
H 4 (M) has 2-torsion one obtains classifying invariants by replacing b with one of 2 possible 
"families of quadratic refinements". (All triples of invariants are realised subject only to the 
constraint that Pi/2(M) is divisible by 2.) 

Remark 4.13. [17, Theorem 6.11] can be paraphrased as stating that smooth closed 2- 
connected 7-manifolds are classified up to homotopy equivalence by the mod 24 reduction 
of the invariants in the almost-diffeomorphism classification. When H 4 (M) has no 2-torsion 
this is the tensor product of the triple (H 4 (M), b,p 1 / 2 (M)) with Z/24Z. In the case when 
H 4 (M) is torsion- free, this means that M is classified up to homotopy equivalence by the pair 
b 4 (M) and divpi(M) mod 48. 

Concrete realisations of 2-connected smooth 7 '-manifolds. We can give concrete descriptions of 
many 2-connected smooth 7-manifolds using S 3 -bundles over S 4 and connected sums thereof. 
The trivial bundle S 3 x S 4 gives a 2-connected 7-manifold with torsion-free cohomology; clearly, 
it has i? 3 (M) = H 4 (M) = Z and vanishing first Pontrjagin class p±(M) (since S 3 x S 4 is 
parallelisable) . The /c-fold connected sum /c(S 3 x S 4 ) gives a 2-connected 7-manifold with 
H 3 (M) = H 4 (M) = 1} with p±(M) = (since connected sums of stably parallelisable mani- 
folds are stably parallelisable, and Pontrjagin classes are stable). 
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Via the usual 'clutching' construction for bundles over a sphere, equivalence classes of linear 
§ 3 -bundles over S 4 are in one-to-one correspondence with 7T3(SO(4)) = Z © Z. Convenient 
generators for 7r3(SO(4)) are given by 

p(u)v = uvu~ l , a(u)v = uv; 

here we have identified § 3 with the unit quaternions and composition denotes quaternionic 
multiplication. Identifying the pair of integers (m,n) with the element rap + no G 7T3(SO(4)) 
hence determines a real rank 4 vector bundle ^ m ,n over S 4 and its corresponding 3-sphere 
bundle M m ^ n := S , (^ m , n ) — > § 4 , with projection map it. 

By the homotopy long exact sequence of a fibration any § 3 -bundle over S 4 is 2-connected. 
The Euler number of the bundle e(£ mi „) = n determines the remaining elementary algebraic 
topology via the Gysin sequence. For the S 3 -bundles M m $ with Euler number we have 
(cf. Crowley and Escher [18, Fact 3.1]) 

H 3 (M m , ) = H\M mfi ) 7r*i? 4 (S 4 ) Z; pi(M m , ) = 4m ft4 G Z; 

where K4 := 7r*t4 G 7r*i7 4 (S 4 ) is the generator of H A (M m $) = Z and 14 denotes a generator of 
# 4 (S 4 ) z. 

Remark 4.14. The connected sum := M m $ # (fe— 1)(§ 3 x § 4 ) is a 2-connected smooth 7- 
manifold with torsion-free cohomology, 6 3 (M^) = b A (M^ n ) = k and divpi(M^) = 4m; taking 
a further connected sum with any exotic 7-sphere S G O7 = Z/28Z yields another 2-connected 
7-manifold with the same invariants which may or may not be (oriented) diffeomorphic to M^. 

Almost- diffeomorphism to diffeomorphism classification. In general, finding the number of (ori- 
ented) diffeomorphism classes in the almost diffeomorphism class of a 2-connected 7-manifold 
M is equivalent to identifying the inertia subgroup 

I(M) C G 7 := {£ G 9 7 | M#S is oriented-diffeomorphic to M}. 

This inertia subgroup was computed by Wilkens in certain circumstances. 

Theorem 4.15 ([66, Theorem 1]). Let M be a closed 2-connected 7-manifold. If H 4 (M) has 
no 2- or 7-torsion and d is the greatest divisor ofpi(M), then the inertia subgroup I(M) C 7 
consists of the elements o/0 7 divisible by d/8. 

So, for example, if gcd(pi(M), 8-28) divides 8 then I(M) = 7 and any manifold almost- 
diffeomorphic to M is actually diffeomorphic to M. 

Remark 4.16. If M has holonomy G2 then, by proposition 2.34(h), p\(M) is never a torsion 
class even if H 4 (M) has torsion. The isomorphism class of pi(M) is then determined by the 
greatest divisor k of the image in the free part H A (M)/T and the image of t in T/kT, where 
pi(M) = ke + t for some e G H 4 (M) primitive and t G T. 

Application to twisted connected sums. We now consider compact G2-manifolds M constructed 
as a twisted connected sum from a pair of building blocks , Z_ from the point-of-view of 
their diffeomorphism and almost- diffeomorphism type. To begin with we deduce from our 
results on the cohomology of twisted connected sum manifolds a simple sufficient condition for 
M to be 2-connected and for H 4 (M) to be torsion-free; then we can apply the classification 
theorem 4.11. 

Lemma 4.17 (2-connected twisted connected sums with torsion-free H 4 ). 

(i) If K± =0 fi.e. H 2 (V±) -»• H 2 (S) is injective; recall (4.1)), N + n iV_ =0 and the 
inclusion N + + iV_ C L is primitive then M is 2-connected. 

(ii) IfN+ _L 7V_, then H 4 (M) is torsion-free. 
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Proof. 

(i) We know from Theorem 4.7 that 7ri(M) = 0. Theorem 4.7(h) implies that H 2 (M) = 
and corollary 4.8(i) that H 3 (M) is torsion-free. So vr 2 (M) = H 2 (M) = 0. 

(ii) Follows from 4.8(h). □ 

The twisted connected sum construction relies on being able to hnd pairs of suitably com- 
patible ACyl Calabi-Yau 3-folds V± = Z± \ S±. We will often refer to finding such compatible 
pairs as solving the matching problem. We will see (c/. proposition 6.18) that the easiest way 
to hnd solutions to the matching problem involves 

• using building blocks of semi-Fano type which automatically (proposition 3.15) have K = 0; 

• applying lattice embedding results of Nikulin to embed the orthogonal direct sum N + _L iV_ 
primitively in the K3 lattice L ( "primitive perpendicular gluing" ) . 

This will allow us to obtain a large class of examples of compact G2-manifolds that are 2- 
connected and have H A (M) torsion-free. When K± = and N + _L 7V_, theorem 4.7 implies 
that 

b 3 (M) = b 4 (M) = b 3 (Z + ) + 6 3 (Z_) + 23. 
So by theorem 4.11, to understand the almost-diffeomorphism type of such M it remains only 
to determine the divisibility of p\(M). 

Remark. If M is 2-connected but H 4 (M) has torsion then we could still apply the almost- 
diffeomorphism classification theory of Wilkens and Crowley as in remark 4.12. Recall from 
remark 4.10 that the isomorphism class of the torsion-linking form of a twisted connected sum 
G2-manifold is determined by the isomorphism class of H 4 (M). Hence for 2-connected twisted 
connected sums the isomorphism class of the pair (H 4 (M),pi(M)) is sufficient to determine 
the almost-diffeomorphism class, except possibly when H 4 (M) has 2-torsion. 

Remark 4.18. Of all the G2-manifolds constructed by Joyce's orbifold desingularisation meth- 
ods only one example has b 2 = 0; in particular, none of the other Joyce G2-manifolds are 
2-connected. Since the diffeomorphism classification of general simply-connected smooth 7- 
manifolds is still unsolved, the determination of the diffeomorphism type of Joyce's G2- 
manifolds remains a challenge. The example with b 2 = is found in [38, Thm 12.5.7], and 
has b 3 = 215. It is in fact topologically a twisted connected sum of blocks of the type described 
in the following remark. 

Remark 4.19. The non-symplectic type blocks described in remark 3.18 always have rkK > 2 
in (4.1). Hence by Theorem 4.7(h) any twisted connected sum G2-manifold M constructed 
using at least one such building block has b 2 (M) > 2; in particular, the diffeomorphism clas- 
sification of such twisted connected sum G2-manifolds also remains open. The non-trivial K 
of these blocks arises from resolving singularities by blow-ups; in some cases it is possible to 
desingularise by smoothing instead to obtain blocks with K = (0). To recover (topologically) 
Joyce's example with b 2 = 0, use such blocks from K3s with non-symplectic involution with 
hxed lattice U(2), i.e. double covers of P 1 x P 1 branched over a smooth curve of bidegree (4, 4). 

Computing the Pontrjagin class of twisted connected sums. We now consider how to determine 
the divisibility of p\ (M) for a twisted connected sum in terms of related data on the building 
blocks Z±. While the restrictions ^(S 1 x V±) of pi(M) to S 1 x V± do not determine p\{M), 
it turns out that it is sufficient to know p\{Z±). Recall (cf. [44, Corollary 15.5]) that, for any 
complex manifold, pi{Z) = -2c 2 (Z) + a(Z) 2 . Since ci(Z±) 2 = 0, we fmdpi(Z ± ) = -2c 2 (Z±). 
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Proposition 4.20. Let M be a twisted connected sum of the building blocks Z + and 
Let N^- be the image of N T in N± = L/T±, and identify it with its image under L/T± 
H 2 {Z±) H 4 (Z ± ). Then 

divpi(M) = 2gcd(c 2 (Z+) mod N'_, c 2 (ZJ) mod N' + ). 

In particular any common divisor o/2c 2 (Z + ) and 2c 2 (Z_) also divides pi(M), and if N + _L iV_ 
then 

divpi(M) = 2gcd(c 2 (Z + ),c 2 (Z_)). 

Here the 'greatest common divisor' of c 2 (Z + ) and c 2 (Z_) should simply be interpreted as 
the greatest integer by which both are divisible in the respective Z-modules H A (Z±) (and 
H 4 {Z ± ) mod N' T ). 

Proof. Let B be the subset of H 4 (Z + ) x H 4 (Z_) such that both terms have the same image 
in H 4 (S). We can define a map Y : B -»• H 4 {M) as follows. Recall that S = /^(oo) for 
a fibration f± : Z± — > P 1 . Let A C P 1 be a trivialising neighbourhood of oo for f± , and 
let U± = /± 1 (A) = A x S C Z±. (A* x S correspond to the cylindrical necks of V±). Let 
P± '■ U± — > S the projection for the local trivialisation. For ([a+], [a-]) G B, let [j3] be their 
common image in H 4 (S). Then we may choose the cocycles a± £ C 4 (Z±;7 J ) so that the 
restriction of a± to U± equals p±(3. The pull-backs of a± to S 1 x V± have the same restriction 
to the cylindrical end, and patch to a cocycle on M. 

pi(M) can be represented by a cocycle g*a, where g : M — > Gr7(C°°) is the classifying map 
for TM ® C and a £ C 4 (Gr 7 (C°°);Z). g can be taken to be R x S 1 x ^-invariant along the 
neck. Then the restriction of g to S 1 x V± extends to a classifying map for the complexified 
tangent bundle of S 1 x Z±. It follows that pi(M) is the image of (pi(Z + ),pi(Z_)) G B. 

We can achieve a better understanding of the map Y by relating it to the LES (4.4). 
Notice that H 4 pt (V±) ^ H 4 (Z±) since H 3 (S) = 0. It is clear that H 4 pt (V + ) x H^VJ) C B. 
The image of this space under Y contains the image of the Mayer- Vietoris boundary map 
H 3 (W) -> H A (M) (recall lf = S 1 xS 1 x S), because on a^a° H 2 (S) the latter factors through 
the boundary map ^(S 1 xS)4 H 4 pt (V±). It follows that Ker(p m ) C Im(Y). 

It is also clear from the definition of Y that the image of p m o y is contained in a°_i/ 4 (V+) © 
&\H A {V-) C H A (M + ) © iJ 4 (M_); as in the proof of Theorem 4.7, we can identify this image 

with Ker[(/3 4 fit)] ~ ,ff 4 (5) © if* © if* . Writing F ~ Im(p m |Im(y) ) © Ker(p m |Im(y) ) we 

see that in the expression 4.7(iv) for H 4 (M) we can identify the image of Y as the terms 

Y(B) = H 4 (S) © (L/ w _ +T+ ) © (L/ N++T _) © if; © if* C F 4 (M). 

The kernel of Y is N'_®N' + C i7 4 pt (y+)ffii7 4 pt (Vl) C B. (^(14) = H 2 (V±)* ^ L/T±®K* ± .) 
Since i? 4 (Z ± ) ^ Z © H 4 pt {V±) the claim follows. □ 

Remark. N' + is naturally dual to iVi . 

For the building blocks used in this paper, we already computed the greatest divisors of 
c 2 (Z) in [16], see Table 2. In examples of twisted connected sums where N + and iV_ are not 
perpendicular (so that N± are non-trivial), we need more detailed information about c 2 (Z). 
When N± is primitive, corresponding to H 4 (M) being torsion-free, [16, Lemma 5.18] can be 
applied to give the information we need for building blocks constructed from semi-Fanos using 
proposition 3.15. (In general, it is a little easier to compute divpi(M) modulo the torsion 
in H 4 (M), which is also more relevant in view of remark 4.16.) 
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Remark. If K± = 0, then corollary 4.3(iv) implies that H 4 (V±) H 4 (S) ^ Z, and c 2 (V±) is 
completely determined by the fact that the restriction of C2(V±) to S is C2(S) = x(5) = 24. 
Thus considering pi (S 1 xF-t) = — 2c2(V±) instead of c 2 (Z±) really does lose a lot of information. 

Lemma 4.21. divpi(M) G {4,8,12,16,24,48} /or any twisted connected- sum G2-manif old M . 

Proof. According to [16, Lemma 5.10], C2(Z) is even for any building block Z, so it follows 
from proposition 4.20 that pi(M) is always divisible by 4. On the other hand, for a connected- 
sum G2-manifold M the image of p\(M) in H 4 (S) = Z of the K3 in the cross-section is 
Pl (S) = -2c 2 (5) = -2 X (5) = -48. ' □ 

Remark 4.22. The proof of [16, Lemma 5.10] can be extended to show that in fact 4 | pi(M) 
for any 7-manifold which is spin. In particular, lemma 4.21 applies to any spin 7-manifold 
containing a K3 surface with trivial normal bundle. 

Remark. The examples in table 3 show that the restrictions in Lemma 4.21 are the only 
constraints on the possible greatest divisors of p\ of twisted connected sum G2-manifolds. 

Remark. Together with remark 4.13, the lemma above implies that a pair of 2-connected 
twisted connected sum G2-manifolds with torsion-free H 4 are almost- diffeomorphic if and 
only if they are homotopy equivalent. 

Corollary 4.23. For a 2-connected twisted connected sum G2-manifold M with H 4 (M) torsion- 
free either 

(i) The inertia group I(M) = G7 and hence the almost diffeomorphism class of M consists 
of a single diffeomorphism class; this holds when divpi(M) G {4,8, 12,24}; or 

(ii) The inertia group I(M) consists of all even elements in O7 ~ Z/28Z and hence the 
almost diffeomorphism class of M contains exactly two diffeomorphism classes; this holds 
when divpi(M) G {16,48}. 

In particular, knowing only b 4 (M) determines the diffeomorphism type of M up to 8 possibil- 
ities. 

Proof. Follows immediately from theorem 4.15 and lemma 4.21. □ 

Remark 4.24. Eells and Kuiper [26] defined a Z/28Z valued invariant for (in particular) simply- 
connected spin 7-manifolds M with b 4 (M) = (i.e. H 4 (M) finite). This invariant classifies the 
elements of 07, and can be used to detect the connected sum action of 07 and thus distinguish 
between the diffeomorphism types in an almost-diffeomorphic class. Diarmuid Crowley informs 
us that an analogue can be defined for simply-connected spin 7-manifolds with b 4 (M) > 0, 
at least if H 4 (M) is torsion- free. However, as the definition of this generalised Eells-Kuiper 
invariant is in terms of a coboundary of M it is not readily computable for our examples. 

5. Construction of associative submanifolds 

Let (M,g) be a Riemannian manifold. A /c-form a on M is a calibration if da = and, for 
all x G M and every oriented fe-plane it in T X M, we have ct\ w < vol^. An oriented submanifold 
i : A > M is calibrated if, for all x G A, ir x := i*(T x A) attains the equality: a^ x = vol nx . 
The fundamental property of any calibrated submanifold is that it minimises volume in its 
homology class [32, Thm. II.4.2]. 

It follows from Lemma 2.20 that, on any G2-manifold (M, 99), the (parallel) 3-form <p is a 
calibration. The corresponding calibrated 3-dimensional submanifolds are known as associative. 

In this section we explain that if the ACyl Calabi-Yau 3-folds V± used in the twisted 
connected-sum construction of G2-manifolds M described in §3 contain appropriate compact 



34 



A. CORTI, M. HASKINS, J. NORDSTROM, AND T. PACINI 



calibrated submanifolds, then these will give rise to associative submanifolds of M. More 
precisely, if C C V± is a holomorphic curve, then S 1 x C is an associative in S 1 x V±, and if 
L C V± is special Lagrangian, then {9} x L is associative. We will prove that under certain 
conditions it is possible to perturb these to manifolds that are associative with respect to 
the torsion-free G2-structure on M, when the neck-length parameter in the construction is 
sufficiently large. 

Geometry of associative submanifolds. This subsection recalls basic features of the ge- 
ometry of associative submanifolds. Let A be an associative submanifold in a G2-manifold 
(M, (p). Let NA denote the normal bundle of A. 

Lemma 5.1. The normal bundle NA of an associative submanifold A is differentiably trivial. 

Proof. Since NA is a rank 4 real vector bundle over a 3-dimensional base it admits at least 
one global nowhere- vanishing section v. Since A is 3-dimensional and orientable its tangent 
bundle is differentiably trivial, i.e. it admits three global linearly independent sections e^. 
Lemma 2.20 shows that the cross product on M defines an operation TA x NA — > NA. Thus 
v, e\ x v, e2 x v , e^ x v are global linearly independent sections of NA. □ 

Let V denote the Levi-Civita connection defined by the metric g on M. Recall that for 
x £ A the projections T X M — > T X A and T X M — > N X A corresponding to the orthogonal 
splitting T X M = T X A © N X A define connections on the bundles TA, NA. When necessary we 
will distinguish these via the notation V T , V -1 . 

The cross product TA x NA — > NA gives the normal bundle a Clifford bundle structure. 
Together with the connection V" 1 this defines a natural Dirac operator Ip : F(NA) — > F(NA). 
For v 6 T(NA) we can express Jpv as follows. For any x G A let ei,e2,es denote a positive 
orthonormal basis of T X M, and let 

3 

(5.2) U)v{x) := x (V ei v) ± . 

i=i 

JP is a first order differential operator. One can check that it is elliptic and formally self-adjoint, 
i.e. 

I <]pv,w>dvol= / <v, Ipw> dvol. 
J A J A 

Remark. Jj) is in fact a twisted Dirac operator, in the sense that NA ®r C is isomorphic as a 
Clifford bundle to a twisted spinor bundle S <8> E. For the relation TA = A^_NA implies that 
for any spin structure P on A (which exists because A is 3-dimensional and orientable) there 
is a lift of the SO(4)-structure of NA to a Spin(4)-structure, so that P is associated via the 
projection of Spin(4) = Spin(3) x Spin(3) to one factor. Then NA (X* C is the tensor product 
of the two vector bundles associated to the spin representations of Spin(4), and one of these 
is the spinor bundle S associated to P. See McLean [43, §5] and Lawson-Michelsohn [42]. 

The Dirac operator plays an important role in the deformation theory of associative subman- 
ifolds. Given the G2-structure if, we can define a global vector- valued 3- form x on M modelled 
on (2.6). A C M is associative if and only if the vector field F(A, ip) = x{TA) G T{NA) van- 
ishes, where TA is interpreted as a simple unit norm element of A 3 TM. Recall that we can 
parametrise the deformations of A as follows. Let exp denote the exponential map on M. Then 
all (small) deformations of A, up to reparametrisation, can be obtained as A v = i v (A) for some 
v G r(A^^4) close to the zero section, where i v : A — > M is defined by 

i v (x) := exp x (v(x)). 
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Given v, F(A V ) defines a section of NA V . In other words, if we let M be the vector bundle 
over T(NA) whose fibre over v is T{NA V ), then F is a section of J\f. 

The associative deformations of A are parametrized by the zero set of F in a small neigh- 
bourhood U of the zero section in T(NA). We say that A is isolated if i ? ~ 1 (0) = {0}, i.e. if 
there do not exist other associative submanifolds attainable as small deformations of A. 

Because F(0) = 0, the differential DF : F(NA) F(NA) is defined naturally (without 
any connection on J\f), and it is precisely equal to ift (see [43, §5] or [28, Theorem 2.1]). We 
call the kernel of Lj) the infinitesimal deformation space of A, and say that A is rigid if this 
space vanishes. 

We could attempt to study the set F _1 (0) via the Implicit Function Theorem. It is first 
necessary to pass to the Banach space completions of the relevant spaces and maps, e.g. using 
Sobolev spaces. If A is closed then the standard theory of elliptic operators shows that Lj) 
extends to a Fredholm operator. It follows that if A is rigid then it is also isolated. As Lj) is 
formally self-adjoint it has index 0, and the obstruction space cokev Ip vanishes if and only if 
A is rigid. Therefore we can use the Implicit Function Theorem to prove smoothness of the 
deformation space of a closed associative only when the space is in fact discrete. 

Persistence of associatives. We prove that any rigid associative submanifold A will persist 
under small deformations of the ambient G2-structure. 

Theorem 5.3. Let A be a closed associative in a G2-manifold (M,(p). Ifkerlfi = then for 
any small deformation of the G2-structure in a neighbourhood of A, there is a unique small 
deformation of A which is associative with respect to the new G2-structure. 

Even if the obstruction space is non-zero, A may be "unobstructed in a family" . Infinitesimal 
deformations of the G2-structure on M correspond simply to 3-forms, and so the derivative of 
if' ' V F(A,cp') at (p gives a natural map n 3 (M) T(NA) coker^Z) ^ ker.0. 

Theorem 5.4. Let A be a closed associative in a G2-manifold (M,cp), and {(p s : s G Q} an 
m- dimensional family of deformations of (p such that TQ — > ker.0 is an isomorphism. Then 
for any sufficiently small deformation of Q to a family of G2- structures Q' on a neighbourhood 
of A, there is a ball B C W 71 , a family of perturbations A^ of A parametrised by b £ B (a 
smooth function A x B — > M ) and f : B — >■ Q' , such that each Af, is associative with respect 
to f(b). 

The perturbation A^ is rigid as an /^-associative unless b is a critical point of /. Theorem 
5.3 is of course a special case of theorem 5.4. It can be proved with less cumbersome notation. 

Proof of theorem 5.3. Identify a neighbourhood U of A in the space of L p k , 1 -submanifolds of 
M with a neighbourhood of the origin in L p k+l (NA). Let {tpt,t £ (— e )f)} be a 1-parameter 
family of torsion- free G2-structures (containing ip = ipo). Consider the map 

U x (- e ,e) -> L p k (NA), (A',t) -> F(A'^ t ). 

By hypothesis, the derivative at (A, 0) is bijective on the first factor. By the Implicit Function 
Theorem, a neighbourhood of (A, 0) in the pre- image of is the graph of a function 1 1— > A'(t), 
i.e. for each perturbation (p t of the G2-structure there is a unique perturbation of A that is 
associative with respect to ipt- □ 

Proof of theorem 5.4- Let {(f s ,t '■ s € Q,t G (— e, e)} be a one-parameter family of deformations 
of Q as torsion-free G2-structures (with <^ SOi o corresponding to the initial G2-structure (p on M, 
with respect to which A is associative). With U as before, consider the map 

U x g x (-e, e) -> L p k (NA), {A', s, t) ^ F(A', ip s , t ) 
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The derivative T A U x T So G xl-} L p k (NA) at (A,s o ,0) is Jj) on T A U = L p k+l (NA), and on 
the T S0 Q factor it is the natural map onto coker.0. Hence the derivative is an isomorphism 
transverse to ker .0©{O}©1R. By the Implicit Function Theorem, a neighbourhood of (A, sq, 0) 
in the pre-image of is a graph over B x (— e', e'), for some small ball B C ker ]J). For each 
fixed t £ (— e', e'), this defines a family of deformations {Ab : b £ B} and a map / : B — >■ Q' = 
{<Ps,t ■ s £ Q}. □ 

In the situation where we want to use the unobstructedness in a family, there is an obvious 
family A of initial associatives, and we can perturb the whole family. When A is without 
boundary, the map / : A' — > G' will definitely have some critical points, so some elements of 
A! are not rigid. 

Corollary 5.5. Suppose that A is a smooth compact (possibly with boundary) m- dimensional 
family of closed associatives in a closed G2-manifold (M,tp), and that {(p s : s £ Q} is an 
m- dimensional family of torsion-free deformations of ip such thatTQ — > ker0 is surjective for 
each A £ A (so dim ker ij) = m). Then for any sufficiently small deformation of Q to a family 
of torsion-free G2-structures Q' on a neighbourhood of A, there is a small deformation A! of 
A and a smooth map f : A' — >■ Q' such that each A 1 £ A 1 is associative with respect to f(A'). 

Associative submanifolds and complex curves. Let (V, Q, u) be a Calabi-Yau 3-fold, and 
consider S'x^ with the torsion-free G2-structure ip = dO A oj + Re £1 as described in (2.39). 
Let C be a complex curve in V. Then lemma 2.27(i) implies that S 1 x C is an associative 
submanifold. The aim of this section is to relate the properties of the associative submanifold 
to those of the complex curve. 

Recall that a Calabi-Yau 3-fold V carries a global holomorphic (3, 0)-form £1. We will denote 
its real part by a and its imaginary part by (3, i.e. 17 = a + i/3. We can define a cross product 
on TV via the formula 

(5.6) g(a x b,c) = a(a, b, c). 

Of course, this coincides with the projection onto TV of the cross product on S 1 x V. The fact 
that f2 is /-linear and g is Hermitian implies that the cross-product is /-antilinear. It has the 
usual property that a x b is perpendicular to both a and b. In particular, for a complex curve 
C C V the cross product gives a complex linear map 

(5.7) TCxNC -> NC. 
Moreover, because Q, is parallel 

(5.8) V(a x b) = Va x b + a x V6. 

Let us now review some well-known facts concerning holomorphic vector fields. Given any 
complex manifold (V, I) with real tangent bundle TV, recall the isomorphism of complex 
vector bundles (TV, I) ^T lfl V given by 

(5.9) - UX. 

Recall also that any holomorphic bundle E — > V has a natural Cauchy-Riemann operator 
d : T(E) —x Q 0,1 (E) whose kernel consists of the holomorphic sections of E. A Hermitian 
metric h on E defines a Chern connection V : T(E) — > Vt l (E): it is uniquely characterized 
by the properties V/i = and V 0,1 = d, where V ' 1 := |(V + iVi) is the (0, l)-component 
under the splitting f] 1 (£') = fi 1,0 (.E) © fi 0,1 (.E). Because V is Kahler, the Chern connection on 
NC coincides with the projection X7 1 - of the Levi-Civita connection. In particular the Cauchy- 
Riemann operator on NC is just the (0, l)-part of V -1 . We can use this fact and the complex 
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Clifford structure (5.7) to define an operator 

Jj) c : T(NC) -> F(NC) 

whose kernel is exactly the space of holomorphic normal vector fields: for v G T(NA) and 
x G C pick any unit vector a G T X C and set 

c v(x) := a x (V a + /V 7a )V 

It is simple to check that this is independent of a, so it defines a complex first-order linear 
elliptic operator. We will refer to it as the complex Dirac operator on NC. Using (5.8) and 
J-antilinearity of the cross-product we find 

<lfi c v, w> = divc(i; x w) + <v, Jjfw> 

where div^* denotes the divergence operator on vector fields tangent to C, defined via an or- 
thonormal basis of TC by div^A = ei(X, ei). Under integration, the divergence term vanishes, 
so ijf is formally self-adjoint: 

/ <ljfv,w> dvol = / <v,lj) c w> dvol. 
Jc Jc 

Let us now return to the product G2-manifold S 1 x V and the associative submanifold S 1 x C. 

We can identify the normal bundle of S 1 x C C S 1 x V with the normal bundle of C C V; 

notice however that any section v will depend on both the 9 variable and the variable on C. 

Choose a point (9, x) G S 1 x V. Set e\ := and let e2 = a be any unit vector on T X C so that 

e3 = la. Then (5.2) becomes 

#v=-§ s xv + ax (Vav) 1 - +Iax (V^v^. 

where v denotes the derivative with respect to 6. As seen at (2.39), x v = Iv. Using that 
V -1 is /-linear and the cross product is I-antilinear we can then rewrite lj)v as follows: 

(5.10) Ij)v = lv + ax (V a v + VrJv) 1 - = Iv + Ttfv. 

Normal holomorphic vector fields represent the infinitesimal deformations of C as a complex 
curve in V. The curve C is said to be rigid if it has no infinitesimal holomorphic deformations. 
In the previous section we saw that the solutions to ifiv = (for the Dirac operator defined in 
(5.2)) correspond to the infinitesimal (associative) deformations of an associative submanifold 
of a G2-manifold. 

Lemma 5.11. For the associative submanifold S 1 x C C S 1 x V , the kernel of Ip is the pull-back 
of the kernel of J]f . Thus S 1 x C is rigid if and only if the complex curve C is rigid. 

Proof. The fact that ijf is i-antilinear and that Jjf and v ^ Iv are both formally self-adjoint 
implies that 

<lp c v,Iv> L 2 = 0. 

Therefore (5.10) implies that \\$v\\ 2 L2 = \\# C v\\ 2 L2 + \\v\\ 2 L2 . □ 

Associative submanifolds and special Lagrangians. Let (V, fi, w) be a Calabi-Yau 3- 
fold, and consider as before S 1 x V with the torsion-free G2-structure tp = d9 A ui + Re Q 
described in (2.39). If L C V is a special Lagrangian 3-fold then lemma 2.27(ii) implies that 
Lq = {9} x L is associative in S 1 x V for any 6 G S 1 . 

We want to describe the relation between the deformation theory of the associative Lq and 
the special Lagrangian L. Note that since we can deform Lq simply by changing 9 G S 1 , it is 
never rigid, and the obstruction space coker0 is always non-trivial. We will therefore study 
the map ri 3 (S 1 x V) — > coker0 in order to apply theorem 5.4 later. 
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Let us first recall the deformation theory of a closed special Lagrangian L C V. According 
to lemma 2.25(h), for L to be special Lagrangian is equivalent to oj\ l = Im$7| L = 0. The La- 
grangian condition implies that we can identify the normal bundle NL with T*L by a \— > a_iuj. 
We can therefore parametrise small deformations of L by small a £ fi^L). For each deforma- 
tion of L, lj and Im$7 pull back to exact forms on L. The special Lagrangian deformations of 
L are therefore parametrised by the zero set of a map 

n\L) -»• dn 1 ^) x dn 2 (L). 

The linearisation of this map at (corresponding to L) is Dl : a \-t (da,d*a). This is 
surjective, with kernel T-L l {L). Thus the deformations of L are always unobstructed, and form 
a smooth manifold near L of dimension 6 X (L). 

Now consider the associative Lg = {9} x L. Its normal bundle NLg in S 1 x 7 is a direct 
sum of the trivial bundle spanned by ^ and the normal bundle NL of L in V. We can identify 
it with A°T*L © A 1 T*L. It is helpful to simultaneously identify it with A 3 T*L A 2 T*L (via 
the Hodge star on L), so that F(Lg) corresponds to (Im^^u;^) and the Dirac operator 
Ip : T(NLg) ->• r(AfL e ) is interpreted as a map 

fi°(L) x ^(L) 2 (L) x J2 3 (L), 
(/, a) i->- (*d/ + da, d*a) 

(see Gayet [28, Lemma 4.9]). The kernel consists of the harmonic forms. Note that on the 
second factor, (5.12) is exactly the deformation operator for the special Lagrangian. In partic- 
ular, the infinitesimal deformation space of Lg consists of the infinitesimal special Lagrangian 
deformations of L in V together with translations of 9. 

Lemma 5.13. For the associative submanifold Lg, the kernel of Ip is the direct sum of the 
kernel of Dl and the span of J^. 

Now we study the map from infinitesimal deformations of the G2-structure, parametrised 
by S7 3 (S 1 x V), to the obstruction space coker0. In the identification of Ip with (5.12), coker^ 
corresponds to H 2 (L) © H 3 (L). The map from $7 3 (S 1 x V) to coker Ip is the composition of a 
point-wise map A 3 T*(S 1 x V) — > A 3 T*L © A 2 T*L and the projection to the harmonic forms. 
To work out the point-wise map in general we would use equivariance under the stabiliser 
SO(4) C G 2 of T X L. 

But we are interested primarily in torsion-free deformations of S 1 x V, and (at least for V 
compact/ACyl with h l (V) = 0) up to diffeomorphism and rescaling of the S 1 factor they are 
all products. 

Lemma 5.14. Let (a, r) be an infinitesimal deformation of the SU '(3) -structure (Q,uj), and let 
(ft be a 1 -parameter family of G2- structures with ^ = d9 Ar + Reo\ Then ^F(Lg,ipt)\ t= o £ 
T(NLg) = Q 2 (L) x Q 3 (L) corresponds to (t\l, Im<7|£) ; and the image in coker Ip ^ U 2 {L) © 
H S (L) to the de Rham projection. 

Proof. Without loss of generality ipt = d9 A + Re f2t where (Qt,^t) is a deformation of 
tangent to (a, r). Then F(Lg,ip t ) corresponds to (co t \L, ImQ t \ L ) by construction. (This does 
not require (ft or (f2 t ,a; t ) to be torsion- free) . □ 

In particular, consider the case when L is a rational homology 3-sphere, i.e. 6 1 (L) = 0, so 
that L is rigid as a special Lagrangian. If (Qf, ujt) is a 1-parameter family of deformations of the 
Calabi-Yau structure on V and J L d h ^ t nt / 0, then the S 1 -family of associatives {Lg : 9 £ S 1 } 
is unobstructed with respect to the 1-parameter family ip t = d9 A uj t + ReOj, in the sense of 
corollary 5.5. 
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Associatives in twisted connected sums. We now put together the results of the section to 
identify the data we can use to construct associatives in twisted connected-sum G2-manifolds. 
As in theorem 3.12, let (V±,lo±, Q±) be two asymptotically cylindrical Calabi-Yau 3-folds with 
asymptotic ends of the form R + x S 1 x S± for a pair of hyper-Kahler K3 surfaces S±, and 
r : S+ — > S- a hyper-Kahler rotation. Let M T be the twisted connected sum of S 1 xV±, and 
<Pt,t the torsion-free G2-structure with 'neck length' 2T defined in theorem 3.12. 

Proposition 5.15. Let C C V + be a closed rigid holomorphic curve. Then for sufficiently 
large T, there is a small deformation of the image of'S 1 x C C S 1 x V+ in M r that is associative 
with respect to (f>T,r, and this associative is rigid. 

Proof. By lemma 5.11, S 1 x C C S 1 x V+ is a rigid associative. 

Recall that the G2-structure ipr,r with small torsion defined before theorem 3.12 is exactly 
the product G2-structure on the complement of {t > T} in S 1 x V+, and hence near S 1 x C 
when T is large. The C k norms of the difference between tpT,r an d <£>t,t are of order 0(e~ xt ), 
so theorem 5.3 implies that S 1 x C can be perturbed to an associative with respect to tf>T,r for 
any sufficiently large T. □ 

Constructing associatives from closed special Lagrangians L C V± requires a little bit more 
work since, as pointed out above, the associatives Lq = {9} x L C S 1 x V± are never rigid. We 
restrict our attention to the case when = 0, so that L is rigid as a special Lagrangian and 

the obstruction space of Lq is 1-dimensional. We can find a 1-parameter family of torsion-free 
deformations of S 1 x V± such that the family {Lq : 8 G S 1 } is unobstructed (in the sense 
required to apply corollary 5.5) if the class of L in the homology of V± relative to its boundary 
is non-zero. (In this section, all homology and cohomology refers to R coefficients.) 

Lemma 5.16. Let L m be a closed submanifold of an ACyl manifold V n with cross-section X . 
If [L] G H m (V,X) is non-zero then there is an exponentially decaying harmonic m-form f3 on 
V such that J L f3^0. 

Proof. The image of the Poincare dual of L under H^ m (V) — > H n ~ m {V) is non-zero, and 
represented by an exponentially decaying harmonic form a. Take (3 = *a. □ 

Corollary 5.17. Let L C V+ be a compact special Lagrangian with b l (L) = 0, such that 
[L] 7^ G H$(y+, S 1 x5 + ). Then there is a 1-parameter family of deformations ipt,+ of the 
product G2-structure on S 1 x V + with fixed asymptotic limit, with respect to which {Lq : 9 6 S 1 } 
is unobstructed. 

Proof. Take (3 G J1 3 (V+) as in the previous lemma. There is a unique complex 3-form a on 
V+ such that Ima = f3 and a is an infinitesimal deformation of Q as an SL(3, C)-structure 
(cf. remark 2.19). Because the map (3 *— > a is SU(3)-equivariant it maps harmonic forms to 
harmonic forms. Because 6 1 (V+) = 0, (a, 0) is an infinitesimal deformation of as an 

SU(3)-structure. 

Re a is an infinitesimal deformation of the product G2-structure Re 0,+dO Aoj, and because it 
is harmonic it can be integrated to a 1-parameter family of torsion-free deformations ipt,+ [52, 
Proposition 6.18]. It follows from lemma 5.14 that {Lq : G S 1 } is unobstructed in this 
family. □ 

Each ipt,+ {t G [— e, e]) matches ip^ via r, so for T large we can define a 1-parameter family 
of torsion- free G2-structures <ft,T,r- Corollary 5.5 implies 

Proposition 5.18. Let L C V + be a compact special Lagrangian with 6 1 (L) = 0, such that 
[L]^0 6 H 3 (V + , S 1 x5+). Then for T large enough there is a smooth map f : S 1 — > [— e, e] and 
a deformation {L' e : 9 G S 1 } in M T such that each L' e is associative with respect to <^/(^),t,t- 
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/ has at least 2 critical points, which correspond to associatives that are not rigid. 

Remark 5.19. If V+ is compactifiable in the sense that V + = Z + \S + for a K3 divisor S + with 
trivial normal bundle in a compact complex manifold Z + , then H^(Z + ) ^ H^(Z + , AxS + ) = 
H^(V + , S 1 x5 + ) since H3(S + ) = 0. If Z + is in turn a blow-up of a weak Fano Y, then the 
preimage of any closed homologically non-trivial L C Y not meeting the blow-up locus or S+ 
will represent a non-trivial class in H^(V + , S 1 x5 + ). 

6. The matching problem 

Recall that theorem 3.12 allows us to form a twisted connected sum G2-manifold from any 
pair of ACyl Calabi-Yau 3-folds V± satisfying a compatibility condition on their asymptotic 
hyper-Kahler K3 surfaces S±. In [16], we constructed large numbers of suitable ACyl Calabi- 
Yau 3-folds, applying Theorem 3.4 — the ACyl version of the Calabi-Yau theorem — to building 
blocks Z± obtained from semi-Fano 3-folds as in Proposition 3.15. In fact, as we already 
remarked by varying various choices made in the construction we obtain families of ACyl 
Calabi-Yau structures on the same underlying smooth 6-manifold Z \ S. To complete the 
construction of G2-manifolds, it remains to explain how to find compatible pairs of such ACyl 
Calabi-Yau 3-folds; this will require us to exploit the freedom we have to vary the ACyl 
Calabi-Yau structures on both building blocks. 

We reformulate the compatibility condition in terms of existence of "matching data" between 
a pair of building blocks, which are certain triples of cohomology classes in Lr = H 2 (S;M). 
The definition of the matching data is linked to the moduli theory of algebraic K3 surfaces. 
This formulation will help us prove the existence of many pairs of compatible ACyl Calabi-Yau 
3-folds given some additional algebraic geometry input. We remark at the outset that the same 
pair of deformation families of building blocks Z± may be matched in different ways and hence 
give rise to several different twisted connected sum G2-manifolds. 

In this section we describe one convenient strategy for finding matching data which we 
term "orthogonal gluing". Given some additional input about the deformation theory of the 
building blocks used to construct the ACyl Calabi-Yau 3-folds, orthogonal gluing allows us 
to reduce the problem of finding compatible pairs of ACyl Calabi-Yau 3-folds V± = Z± \ S± 
almost entirely to arithmetic questions about the pair of polarising lattices N± of the building 
blocks Z±. For ACyl Calabi-Yau 3-folds of semi-Fano type the deformation theory we need 
was developed in [16, §6]. In §7 we use orthogonal gluing to find many compatible pairs of 
ACyl Calabi-Yau 3-folds. 

At the end of §7 we also discuss so-called "handcrafted nonorthogonal gluing". This allows 
matching in situations impossible to achieve using orthogonal gluing; the price ones pays is 
that the method is much more labour-intensive as it requires more precise information about 
K3 moduli spaces. 

Reformulating the existence of hyper-Kahler rotations. Let us first recall the set-up 
for the gluing theorem 3.12. V± is a pair of ACyl Calabi-Yau 3-folds with asymptotic limits 
R + x S 1 x S±. The S± are K3 surfaces, with preferred complex structure I±, Kahler form 
w4 and holomorphic volume form Q±. Because this is a hyper-Kahler structure, there are 
further complex structures J± and K±, with Kahler forms oj± and oj± (Q± = oj± +ioj±). The 
compatibility condition for V+ and V- is that S± are related by a hyper-Kahler rotation as in 
definition 3.9: we need an orientation-preserving isometry r: S+ — > S- such that r*(/_) = J+ 
and r*(J_) = i+ (with the isometry condition this implies r*(K-) = —K+). Equivalently, 
r*a/ = ur[, r*uo J _ = uj 1 ^ and r*u^ = —ujf. 

We use the Torelli theorem to reduce this relation to the action on cohomology. 
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Lemma 6.1. Let h : H 2 (S-;1*) — > H 2 {S + ]'L) be an isometry such that 

h[ui] = h[ui] = [u) T + ] and h[io K \ = 

Then there is a hyper-Kahler rotation r : S+ — > S- such that r* = h. 

Proof. Consider the complex structure J_ on S-. luL — iuj^ is a holomorphic 2-form with 
respect to J_. Therefore h maps H 2 >°(S-,J-) to H 2,0 (S+,I+), i.e. it is a Hodge isometry 
between the complex K3 surfaces (£_, J ) and (S + ,I + ). Moreover, the Kahler class [u/] is 
mapped to the Kahler class [u)L]- Therefore the strong Torelli theorem implies that there is 
a holomorphic map r: (S+, J + ) — > (S-, J_) such that r* = h. Since the holomorphic 2-forms 
are uniquely determined by their de Rham cohomology classes, t*ujL = uj+ and r*w5 = — u+. 
Further r*oj{_ = 0J+, by uniqueness of a Ricci-flat Kahler metric in its cohomology class. Thus 
r is a hyper-Kahler rotation. □ 

It is useful to rephrase the previous lemma in the language of the moduli theory of K3 
surfaces. Recall that a marking of a complex K3 surface (S, I) is an isometry L = H 2 (S;7 1 ). 
H 2,0 (S) C H 2 (S; C) can be identified with an oriented real 2-plane in H 2 (S; R), and its image 
in Lr is the period of the marked K3 surface. 

Proposition 6.2. Let (ko,k+,k-) be an orthonormal triple of positive classes in Lr. Let 
(S±, L±) be complex K3 surfaces with markings h± : L — >■ H 2 {S±;'L) such that (k^, ±&o) is the 
period point, and h±(k±) is a Kahler class on S±. Let h = h + o hZ 1 ■ H 2 (S-;Z) — > H 2 (S + ;Z). 
Then there exist unique hyper-Kahler structures on S± with [u±] = h±(k±) and 

ta±+iu± holomorphic with respect to I±, such that there is a hyper-Kahler rotation r : S + — ^ S- 
with r* = h. 

Proof. The Kahler class h±(k±) contains a unique Ricci-flat Kahler metric u±. Up to complex 
scalar multiplication, there is a unique 2-form ujj^ +ioo± on S± that is holomorphic with respect 
to I±. Since {k^,±ko) is the period with respect to the marking h±, we can normalise it so 
that [u±] = h±(k T ) and [oj±] = h±(±ko). Then (uj± , lo± , uj± ) are hyper-Kahler structures. 
This choice of normalisation is the only one for which fa[u;£] = [coi], h[co^] = and = 
— which is equivalent to the existence of a hyper-Kahler rotation with r* = h. □ 

Matching data for pairs of building blocks. The asymptotic hyper-Kahler K3 surfaces 
S± of our ACyl Calabi-Yau 3- folds V± come with a preferred complex structure L± and Kahler 
form uj± defined by the asymptotic limit of the Calabi-Yau structure. We need to take this 
fact into account when we attempt to construct hyper-Kahler rotations between S + and S- . 

Definition 6.3. A set of matching data for a pair of building blocks (Z±,S±) is a triple 
k-, ko) of classes in Lr for which there are markings h± : L — > H 2 {S±;H) such that 
(k T , ±&o) is the period point of the marked K3 (S±, I±, h±), and h±(k±) is the restriction to 
S± of a Kahler class on Z± . 

With this terminology, the following is an immediate consequence of theorem 3.4 and propo- 
sition 6.2. 

Corollary 6.4. If there is matching data for the pair of building blocks (Z±,S±) then V± = 
Z±\S± admit compatible ACyl Calabi-Yau structures, i.e. there exists a hyper-Kahler rotation 
r: S+ ^ S-. Hence the twisted connected sum 7 -manifold M r formed by gluing S 1 x V± using 
the diffeomorphism specified in (3.10) admits G2-metrics as described in Theorem 3.12. 
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The markings h± in definition 6.3 are not necessarily unique. Hence nor is h = h+ o h- or 
the hyper-Kahler rotation r, and the choices can affect the topology of the G2-manifold M r . 
We can relate this to the computations of §4 as follows. 

Recall that it is part of definition 3.5 that if (Z, S) is a building block and H 2 (S; Z) = L is a 
marking, then the image N C L of H 2 (Z;7j) is primitive. According to lemma 3.6, N C Pic S. 
This means that S is a marked N -polarised K3 surface. Since H 2 '°(S) is perpendicular to 
-ff 1 ' 1 (5), the period of such a marked iV-polarised K3 surface is perpendicular to N; it must lie 
in the Griffiths domain Dn of oriented positive 2-planes II C N 1 - C Lr. Dn can be considered 
as an open subset (determined by the positivity) of F(A 2 (N ± <g> C)), and hence as a complex 
manifold. For a deformation family Z of building blocks, all members have the same polarising 
lattice ./V and the primitive embedding N <—$■ L is well-defined up to the action of O(L). 

Let (k + , k- , ko) be a set of matching data for a pair of blocks (Z± ,S±). A choice of markings 
h± : L — > H 2 (S±;Z) in definition 6.3 determines embeddings N± ^ L of the polarising lattices. 
While each embedding is unique up to the action of O(L), the pair is not, e.g. N + n N- could 
vary. Since N+DN- is a summand in H 2 (M; Z), the choice of markings can affect the topology 
of the G2-manifold produced in corollary 6.4. We say that the matching data is adapted to a 
given pair of embeddings N± ^ L if the markings h± can be taken to be 7V±-polarised. A 
necessary condition is that {k^, ±&o) -L N±. 

Given a semi-Fano 3- fold Y, we can blow up to get a building block (Z, S) according to 
proposition 3.15. In this case the polarising lattice N C L of the block is simply given by the 
primitive embedding H 2 (Y;1j) — > H 2 (S;1i) = L, isometric with respect to the form (—Ky) • 
D\ • L>2 on i? 2 (y;Z). By deforming the semi-Fano 3- fold Y and varying the choice of smooth 
section S G |— Ky\ we obtain a family of building blocks Z, all with the same topology 
and polarising lattice N = H 2 (Y;Z). In this way we can obtain ACyl Calabi-Yau manifolds 
V = Z \ S with potentially different asymptotic hyper-Kahler K3 surfaces S. 

Given a pair Z± of such families of building blocks, we can now approach the problem of 
using them to construct a compact G2-manifold as follows. 

1. Choose embeddings N± ■— > L in the 0(L)-orbits of primitive isometric embeddings deter- 
mined by Z± . Let T± = N± C L denote the orthogonal complements. 

2. Consider triples (k+, k-,k ) such that k± £ N± (R) n T T (R) and k G T+(R) n T_ (R). Then 
(k T ,±ko) lives in the Griffiths period domain D^ ± for A-t-polarised K3 surfaces. Find a 
triple that forms matching data, adapted to the given embeddings N± ^ L, for some 
(Z±,S±)€Z±. 

3. Apply corollary 6.4 to construct matching ACyl Calabi-Yau structures on V± = Z±\S±. 

4. Apply theorem 3.12 to glue S 1 x V± to a compact G2-manifold M. 

Remark. In a sense this scheme reverse engineers the process described in §3: in effect, we first 
identify what hyper-Kahler K3 to aim for, and then construct ACyl Calabi-Yau 3-folds with 
that asymptotic K3 (up to hyper-Kahler rotation). 

We can then use the results in §4 to compute topological invariants of M. Note that the 
cohomology of M depends only on the cohomology of the building blocks and on the choice 
of the pair of embeddings N± <—> L. In many cases we can determine the diffeomorphism 
type of M. Also, if either building block (Z±,S±) contains rigid complex curves (e.g. if Z is 
a building block of semi-Fano type where the semi-Fano Y is obtained as a small resolution 
of a nodal Fano) then proposition 5.15 shows that M contains corresponding rigid associative 
submanifolds. 

So the key problem that remains to be addressed is to find the matching data in Step 2. This 
is a difficult problem in general and in most cases we do not currently understand all possible 
ways to match a given pair of deformation families of building blocks Z±. In this section 
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we describe a general method which we call orthogonal gluing that yields large numbers of 
matching ACyl Calabi-Yau structures. 

Orthogonal gluing. Let Z± be a pair of families of building blocks, obtained from semi-Fano 
3- folds Y± of given deformation types y±. We describe a method that provides matching data 
for a large class of such pairs. 

• Choose the pair of primitive embeddings N± H Lso that iV+ and intersect orthogonally, 
i.e. N±(R) = (jV±(R)nJV T (M))e(iV±(M)nr T (R)) (in other words, the reflections in iV±(R) 
commute). 

• In addition, arrange that some elements of N±(R) n T^(R) correspond to Kahler classes 
of some Y± under some marking of S± C Y± (as pointed out in remark 3.17, this is more 
restrictive than asking for Kahler classes on S±.) 

• Show that for a generic positive ko G T+(R)nT_(R), choosing generic positive k± £ iV±(R)n 
T T (]R) gives (k T , ±feo) G D n± that are periods of some S± C Y± € y±, and use this to prove 
that k± can be taken to correspond to Kahler classes on Y±. 

• Blow up Y± according to proposition 3.15 to form building blocks (Z±,S±). The facts that 
the K3 fibres S± are isomorphic to the chosen K3 divisors in the semi-Fanos Y± and that 
the image of the Kahler cone of Z± contains that of Y± imply that (fe + , fco) is a set of 
matching data for this pair of building blocks. 

Lattice push-outs and embeddings. To complete the first step, we first try to cook up an "or- 
thogonal push-out" W of N+ and iV_, and then try to embed W in L so that the inclusions 
N± <—$■ L are primitive. The last condition is obviously satisfied if the embedding of W itself is 
primitive, and the existence of such embeddings can often be deduced from results of Nikulin. 

Definition 6.5. Let R, N + , N- be nondegenerate lattices, and assume given primitive inclu- 
sions R ^ N+, R ^ 7V_. An orthogonal pushout W = N + _Lr iV_ is a nondegenerate lattice, 
with a diagram of primitive inclusions: 



N + 




R W 




where 

• R = N + n N-, W = N + + N_; 

• C N_, N± C N+. 

Note that W is unique, though it does not always exist, e.g. see Example 6.8. 

Remark 6.6. In all cases in this paper, iV + and iV_ have signature (1, r + — 1) and (1, r_ — 1) and 
the "intersection" R is negative definite of rank p. This ensures that the orthogonal pushout 
W has signature (2, r + + r_ — p — 2). 

The perpendicular direct sum iV + _L AL is always an orthogonal push-out with R = 
N+ n iV_ = (0). We will refer to gluing that uses this push-out as perpendicular gluing, while 
the term orthogonal gluing allows push-outs with non-trivial intersection R. Some statements 
simplify for perpendicular gluing (e.g. the computation of divpi(M) in proposition 4.20), but 
most nice properties are enjoyed by orthogonal gluing too. Most important is the matching 
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method in proposition 6.18, but there is also a convenient Betti number formula that follows 
directly from theorem 4.7. 

Lemma 6.7. Any G2-manifold M constructed by orthogonal gluing of blocks Z± satisfies 
b 2 (M) + b 3 (M) = b 3 (Z + ) +6 3 (Z_) + 2ikK + + 2rkK_ +23. 

Remark. Note the previous formula is not always valid if M is not constructed by orthogonal 
gluing: see Example No 11 in Section 7. 

In general, it is not difficult to state a simple criterion for the existence of orthogonal 
pushouts in terms of discriminant groups N±/N±; we do not need to do so here. Instead we 
demonstrate by the next example that they do not always exist. 

Example 6.8. We show a simple situation where the orthogonal pushout does not exist. 
Indeed, consider the two (isomorphic) lattices N + , iV_ with quadratic form 

'4 1 
1 -2, 

(this is the Picard lattice of a general quartic K3 surface containing a line) . Let us try to form 
an orthogonal pushout along the common sublattice R perpendicular to the basis vector ei of 
norm 4. Now R is generated by the vector e' 2 = (—1,4) of norm —36. Using the rational basis 
ei, e' 2 , we can say 

N+ = N_ =Z 2 + ^(1,1)ZDZ 2 with quadratic form . 
Thus, if the orthogonal pushout W = N + _L« iV_ exists, then 

W = Z 3 + -(1, 1, 0)Z + -(0, 1, 1)Z D Z 3 with quadratic form 




Note, however, that, in this lattice: 

<i(l,l,0),i(0,l,l)> = (i \ 0) [0 -3(i I \\\ - (I \ 





9 
I 



is not an integer, that is, W is not an integral lattice. 



Once we have an orthogonal push-out W, we look for an embedding W in L such that the 
inclusions N± L are primitive. In many cases, the following result guarantees the existence 
of a primitive lattice embedding W C L. Here £(W) denotes the minimal number of generators 
for the discriminant group W* /W of a non-degenerate lattice W; in particular £(W) < rkW. 

Theorem 6.9. Let W be an even non- degenerate lattice of signature (t+,t-), and L an even 
unimodular lattice of signature (£+ ,£-)■ There exists a primitive embedding W ^ L if t + < £ + , 
t- < £- and 

(i) 2vkW < L, or 

(ii) rkW + £{W) < rkL 

Proof, (i) is Nikulin [51, Theorem 1.12.4], while (ii) is [51, Corollary 1.12.3] (see also Dolgachev 
[23, Theorem 1.4.6]). □ 
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If there is a primitive embedding of W into the (unimodular) lattice L, with orthogonal 
complement T = W ± , then W* ^ L/T and T* 9* L/W imply that W*/W = L/(W _L T) = 
T* /T, i.e. the discriminant groups are isomorphic. In particular £(W) < rkT, so 



is a necessary condition for W to be primitively embeddable in L. 

In our application L will be the K3 lattice and W will be the orthogonal pushout of a pair of 
lattices N± — the polarising lattices of a pair of building blocks Z±. Therefore (£+,£-) = (3, 19), 
while t+ = 2 and rk W < rk iV + + rk N- with equality if and only if W = N + _L iV_ . Hence a 
sufficient condition for the existence of a primitive embedding W <— > L is that 



Sometimes we will look more closely at the discriminant groups, and apply 6.9(h). Note 
that the discriminant group of N+ _L N- is simply the product of the discriminant groups of 
the two terms. In particular £{N + _L N-) < l(N + ) + £{N-) (but equality need not hold, e.g. 
if the discriminants are coprime). 

Remark 6.12. For any lattice TV, iV* has a natural quadratic form, given in terms of a basis 
by the inverse of the matrix of the form on N. The restriction to N is the original form 
on N, so if N is even then the discriminant group N* /N has a well-defined Q/2Z-valued 
quadratic form. For any overlattice W of N + _L iV_ such that N± ^ W' are primitive, the 
images of W' in N±/N± are anti-isometric with respect to the discriminant forms. This sets 
up a correspondence between such overlattices and pairs of anti-isometric subgroups of the 
discriminant groups. We will sometimes use this to find overlattices, and since the overlattice 
has smaller discriminant group they can be easier to embed in the K3 lattice L. 

The method of the proof of theorem 6.9 is to show that given W, there exists a lattice T 
with anti-isometric discriminant group. Then the maximal overlattice of W _L T is unimodular, 
and isometric to L by the classification of unimodular indefinite lattices. 

Dolgachev [23, Theorem 1.4.8], following Nikulin [51, 1.14.1-2], also gives a sufficient condi- 
tion for the primitive embedding to be unique. 

Theorem 6.13. // in addition rkW + £{W) + 2 < rkL then the primitive embedding from 
theorem 6.9 is unique up to automorphisms of L. 

Deformation theory and matching. In order to find matching data for building blocks of semi- 
Fano type we use the following input about their deformation theory. 

Definition 6.14. Fix an abstract lattice N, and an element A G N with A 2 = 2g — 2 > 0. 

• An N -polarised semi-Fano 3-fold is a semi-Fano 3-fold Y together with an isometry N = 
Pic(Y) sending A to — Ky . 

• A family of N -polarised semi-Fano 3-folds is a smooth projective morphism /: y — > B, all 
of whose fibres are semi-Fano 3-folds; and a sheaf isometry g: N — > Pic f^/i?) such that 
for each b G B, Y\> together with g^ : N — >■ Pic(Yft) is an iV-polarised semi-Fano. 

• Two A^-polarised semi-Fano 3-folds Y\ , Y2 are deformation equivalent if there is a connected 
scheme B, a family / ': y — >■ B and b\, 62 £ B such that Y\ = / _1 (6i), Y2 = f 1 ^). 

• A deformation type is a deformation equivalence class 3^ = {Yt '■ t G T} of semi-Fano 3-folds. 

For a smooth S £ \—Ky\ in an A r -polarised semi-Fano 3-fold Y, the composition N = 
H 2 (Y;Z) — > H 2 (S;Z) = L defines a primitive embedding N ^ L. For a deformation type 
y of iV-polarised semi-Fanos, this gives an embedding N ^ L that is well-defined up to the 
action of O(L). 



(6.10) 



ikW + £(W) < rkL 



(6.11) 



rkiV + +rkiV_ < 11. 
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The precise definition of the deformation type y is actually not that crucial in this paper. 
For the application, it suffices to know that given a semi-Fano 3-fold Y, there is a collection y 
of semi-Fano 3- folds with the same topology, satisfying the conclusions of the following result. 

Proposition 6.15 ([16, Proposition 6.9]). Fix a primitive lattice N C L, and let Dn be the 

Griffiths domain {II G P(A 2 (A r - L (g)C)) : IlAn > 0}. Lety be a deformation type of N -polarised 
semi-Fano 3-folds Y such that for S C Y a smooth anticanonical K3 divisor the restriction 
map PicY — > H 2 (S;Z) is equivalent to the inclusion N > L. Then there exist 

• a Uy C Djy with complement a locally finite union of complex analytic submanifolds of 
positive codimension 

• an open subcone Ampy of the positive cone of A% 

with the following property: for any IT G Uy and k G Amp-y there is Y G y, a smooth 
S G \—Ky\ and a marking h : L — > H 2 (S;Z) such that h(U) = H 2 '°(S), and h{k) is the 
restriction to S of a Kahler class on Y. 

Remark 6.16. It is important to distinguish Ampy from the cone Ampg C of Kahler classes 
on S. For example, if Y is semi-Fano (but not Fano) with small anticanonical morphism then 
—Ky is not a Kahler class on Y but it is when restricted to a generic S. Ampy can be a proper 
subcone of Amp s also for genuine Fanos when the Picard rank is > 2, e.g. Y = P 1 x P 1 x P 1 . 

If we apply proposition 3.15 to y to construct a family of semi-Fano type blocks Z, then it 
is immediate that Z has the following property (with Amp 2 = Amp^). 

Definition 6.17. Let iV C L be a primitive sublattice, and Amp^ an open subcone of the 
positive cone in A%. We say that a family of building blocks Z is (N, Amp z )- generic if there is 
Uz f= F)n with complement a locally finite union of complex analytic submanifolds of positive 
codimension with the property that: for any II G Uz and k G Amp 2 there is a building block 
(Z, S) G Z and a marking h : L ->• H 2 (S;Z) such that h(U) = H 2 >°(S), and h(k) is the image 
of the restriction to S of a Kahler class on Z. 

Given an embedding in L of the orthogonal push-out we can now solve the matching problem 
for semi-Fano 3-folds. 

Proposition 6.18. Let N± C L be primitive sublattices of signature (1, r± — 1), and let Z± 
be (N±, Amp 2 ) -generic families of building blocks. Suppose that 

(i) R = N + n is negative definite of rank p, 

(ii) W = N + + N- is an orthogonal pushout 

Denote by T± = N± the transcendental lattices, and let W± = T T n N± C N± be the perpen- 
dicular of N T in N±. Assume also that 

(hi) W± n Amp z± / 0. 

Then there exist (Z±,S±) G Z± and N±-polarised markings h± : L — >■ H 2 (S±;'Z) with period 
points (k±,±ko), for an orthonormal triple of positive classes (k+,k-,ko) in with k± G 
Amp2 ± , i.e. (k + , k-, ko) is a set of matching data adapted to the chosen pair of embeddings 
N± ■— » L. 

Proof. Let T = W 1 - . W±{M) and T(R) are real vector spaces of signature (1, r± — p — 1) and 
(1, 21 — r) respectively, where r = rk W = r + — r_ — p. A priori, k± and ko must belong to 
the positive cones IF±(IR) + and T(M) + respectively. Consider the real manifold 

D = F(W+{R) + ) x P(!F_(M) + ) x P(T(R) + ) . 
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Below, we need the open subset A = {(£ +1 £-,£) G D : £± C Amp 2± }. By hypothesis (hi), 
A is nonempty. We have two Griffiths period domains 

D N± ={n 2 CT±(I) I (.,.)| n2 >0}, 

and projections 

pr±: D ^ D N± , (£+,£-,£) ^ (£ T ,±£). 

Next we show that the projections pr ± have dense image. In fact, P(PF :T :(IR) + ) xP(T(M) + ) <^-> 
-Djv± is a totally real, real analytic embedded submanifold. The key point is that the condition 
that N + and N- intersect orthogonally ensures that it has maximal dimension: dimc-Djv ± = 
20 — r± , and 

dim R P(VF T (R)+) xP(T(R)+) = (r T - p - l) + (22 - r - l) =20-r±. 

Let C/z ± C -Dat ± be the subset from definition 6.17. The complement of its preimage in 
P(VF T (M) + ) xP(T(M) + ) is a locally finite union of real analytic subsets of positive codimension. 
Therefore the same is true for pr± 1 (Uz±)- To conclude the proof, take (£ + ,£-,£) G A n 
Y>v+ l (Uz + ) n prl 1 and let k± £ £±, ko G £ be unit vectors. □ 

Proposition 6.18 fulfils the plan for finding compatible semi-Fano type ACyl Calabi-Yau 3- 
folds outlined at the start of the orthogonal gluing subsection. The non-symplectic type blocks 
of Kovalev and Lee [40] also satisfy the condition in definition 6.17, as do some families of 
blocks obtained by resolving non-generic anticanonical pencils on semi-Fanos, e.g. Example 
7.9. So we can solve the matching problem for these kinds of blocks by the same method. 

Remark 6.19. Note that in perpendicular gluing, hypothesis (iii) is automatically satisfied. 
This condition may look innocuous, but it adds an extra layer of difficulty to the problem of 
finding suitable orthogonal but non-perpendicular pushouts. 

For families of non-symplectic type blocks, we may take Amp z in definition 6.17 to be the 
full Kahler cone Amp^. of a generic iV-polarised K3 surface (cf. remark 3.18). Modulo choice 
of markings, this consists of all positive classes in A% that are orthogonal to all —2 classes 
in N. For these blocks, hypothesis (iii) is therefore equivalent to R not containing any —2 
classes. This is always a necessary condition, but for semi-Fano type blocks it is not sufficient, 
cf. example 8.3. 

7. Examples: G2-manifolds 

Our aim in this section is to present in detail concrete examples of G2-manifolds that 
illustrate the main points of what is achievable by our constructions. In Section 8 we will give 
a more systematic overview of the range of examples one can construct using these methods and 
some remarks on the basic "geography" of the examples. For each example in this section we 
compute the integral cohomology groups, the number of associative submanifolds arising from 
the construction, and the first Pontrjagin class. Many of the examples are 2-connected, and 
for most of these we can determine the diffeomorphism type completely using the classification 
theorems 4.11 and 4.15. 

All examples except No 11 are constructed using perpendicular or orthogonal gluing. We 
mostly stick to the building blocks of semi-Fano type that we described in detail in our earlier 
paper [16, §7]; these building blocks are described briefly in Examples 7.1-7.12. No 11 uses 
"handcrafted nonorthogonal gluing" . This method allows us to construct examples not possible 
using orthogonal gluing; the main drawback is that the method requires much more explicit 
information about K3 moduli spaces than orthogonal gluing. This can make constructing such 
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examples a very labour-intensive process. Here we give only the simplest possible example to 
illustrate how the method works and its potential subtleties. 

We close the section with a pair of examples (Examples 7.16 and 7.17) in which we can 
construct families of associative 3- folds (recall Proposition 5.18) because of the existence of 
suitable special Lagrangian submanifolds of the building blocks. 

Building blocks. A small number of representative examples of building blocks (Z,S), to- 
gether with computations of their topological and geometric invariants, is given in [16, §7]. 
Here we give a very brief description of these examples: see also tables 1, 2 and 4. In each case 
the polarising lattice N (the image of H 2 (Z) — > H 2 (S)) has a unique primitive embedding 
in L; except in example 7.7 this is a direct consequence of theorem 6.13. 

The building blocks Z in Examples 7.1-7.7 are of Fano or semi-Fano type, i.e. Z is the 
blow-up of a smooth Fano or semi-Fano Y in the base locus of a generic anticanonical pencil 
on Y (recall Proposition 3.15). Below we will list the Fano or semi-Fano Y we use to construct 
the building block Z. 

Example 7.1. Take Y to be a Fano "of the first species", i.e. a member of one of the 17 
deformation families of smooth Fano 3- folds with Picard rank 1. The building blocks Z which 
arise this way — which we call building blocks of rank one Fano type — are listed in Table 1. 
In the descriptions of our examples of twisted connected sums, "7.1" refers to the building 
block obtained from the rank 1 Fano Y with index r and degree — (^Ky) 3 = d. The polarising 
lattice is N = (rd). 
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Table 1. Building blocks Z from Fanos Y with Picard rank 1 



Example 7.2. Similarly, we can take Y to be any of the Fano 3-folds of Picard rank > 2 
classified by Mori-Mukai [45-49]. We list some building blocks of this type separately in table 4. 
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In our final table 5 of examples of G2-manifolds, the notation Z = Ex 7.2 n signifies the building 
block Z of Fano type obtained from the rank 2 Fano 3-fold Y listed as no. n in the table in [49] 
(and also in our table 4). We call these building blocks of rank 2 Fano type. 

Examples 7.3-7.7 are building blocks of semi-Fano type where the semi-Fano Y is obtained 
as a projective small resolution of a Fano 3- fold X with nodal singularities. For a given X there 
may be be several non-isomorphic small resolutions Y, but they all have the same cohomology. 
However, the value of divc2(Z) may depend on the choice of small resolution Y — > X. 

Example 7.3. Fix a 2-plane II C P 4 and let II C X C P 4 be a general quartic 3-fold containing 
II. Let Y be one of the two projective small resolutions of X. 

Example 7.4. Fix a quadric surface Q = Q\ C P 4 and let Q C X C P 4 be a general quartic 
3-fold containing Q. Let Y be one of the two projective small resolutions of X. 

Example 7.5. Fix a cubic scroll surface F C P 4 and let F C X C P 4 be a general quartic 
3- fold containing F. Let Y be one of the two projective small resolutions of X. 

Example 7.6. Fix the complete intersection of two quadrics F = Fi^i C P 4 and let F C 
X C P 4 be a general quartic 3-fold containing F. Let Y be one of the two projective small 
resolutions of X. 

Example 7.7. The Burkhardt quartic 3- fold is the hypersurface 



X contains 40 planes, has 45 ordinary nodes as singularities, defect a = 15, and admits 
projective small resolutions. (See Finkelnberg's thesis [27] for these and other facts on the 
Burkhardt quartic.) We take Y to be one particular projective small resolution of X. The 
polarising lattice N has rank 16 and discriminant group (Z/3Z) 5 . Its orthogonal complement 
T C L is the rank 6 lattice A 2 {— 1) _L 2Z7(3), where A 2 {— 1) and £7(3) denote the rank 2 lattices 
with intersection forms 



respectively. In [16, Example 7.7] we deduce the uniqueness of the embedding N C L from 
that ofTci. 

The next two examples arise by blowing up the base locus of a non-generic anticanonical 
pencil on P 3 , i.e. they do not come from an application of proposition 3.15. In these cases 
extra work is required both to verify that the topological conditions of a building block (recall 
Definition 3.5) are satisfied and that the matching arguments of §6 can be applied. 

Example 7.8. Consider the (non-generic) AC pencil [ScbSool C |0(4)|, where 

So = (x x 1 x 2 x 3 = 0) 

is the sum of the four coordinate planes, and Soo is a nonsingular quartic surface meeting all 
coordinate planes transversely. The base curve of the pencil is the union C = X^=o °f t ne 
four nonsingular curves Tj = (xj = 0) fl Soo- Let Z be obtained from Y = P 3 by blowing up 
the four base curves one at a time. Any smooth quartic K3 appears as a fibre of a building 
block of this kind, so even though we are using non-generic pencils we can apply the same 
orthogonal gluing argument as for building blocks obtained by resolving generic pencils. 

Example 7.9. Fix two general conies C\,C 2 C P 3 , and take a generic pencil of quartic K3 
surfaces containing both C\ and C 2 . The base locus C consists of C\, C2 and a degree 12 
curve C3 (of genus 15) meeting each of C\ and C2 in 10 points. Let Z be the result of first 



X = (xq - x Q {x\ + x\ + x\ + x\) + 3xix 2 x 3 x 4 = 0) C P 4 . 
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blowing up C±, then the proper transform of C3, and then the proper transform of C2, and 
let S be the proper transform of a smooth element of the chosen pencil on P 3 . (Z, S) is a 
building block, with 20 (—1, —1) curves corresponding to the double points of C. (Blowing up 
the components of C in a different order changes Z by flopping some of the 20 exceptional 
curves, but does not change the data listed in table 2.) 

S contains the pair of conies C\, C2, so these represent classes in N = Pic S. Together with 
the hyperplane class A they are the basis of a subgroup N C PicS 1 , and in this basis the 
quadratic form on N is 

-2 2 
0-2 2 
2 2 4 

We check by hand that this family of blocks satisfies the conditions of definition 6.17, so that 
the orthogonal matching proposition 6.18 can be applied to it. The main point is that a generic 
iV-polarised K3 S appears as the fibre in some block (Z, S) in the family. 

Let D]\r be the Griffiths domain for N. It is explained in [16, Example 7.9] that a generic 
marked K3 S with period in embeds as a quartic in P 3 , and contains a pair of conies. 
We can then form a block (Z, S) by blowing up the intersection of S with a generic quartic 
containing those two conies. Thus there is a Uz C Dn with complement a locally finite union 
of complex analytic subsets of positive codimension, such that for any LT G Uz there is a 
building block (Z, S) in our family, with LT the period of a marking for S. 

Next, let Ei be the exceptional divisor in Z over d (Ei is isomorphic to the projectivisation 
of the normal bundle of Cj, blown up at points corresponding to intersections with those 
components of C blown up after Cj). The pull-back H to Z of the hyperplane class on P 3 is 
nef, but it fails to be positive on the fibres of Ei. On the other hand, S is positive on almost all 
of the fibres. For small Ao > 0, H + AoS* — which has image A in H 2 (S) — is nef and positive on 
all curves except the 0{— 1) © 0{— 1) curves over the 20 intersection points of C\ U C2 with C3. 
By adding — X1E1 + X2E2 for small Aj > we get a Kahler class, with image A — \\C\ + X2C2 
in H 2 (S). Therefore there is an open subcone Amp z of the positive cone in that can be 
taken as restrictions of Kahler classes on Z (A spans an edge of Amp z ). 

Thus the family Z is (N, Amp^-generic, and can be used in orthogonal gluing. 

Examples 7.10 and 7.11 are obtained from the same toric semi-Fano 3- fold Y by blowing up 
a generic AC pencil and a nongeneric AC pencil on Y respectively. 

Example 7.10. Let X be the terminal Gorenstein toric Fano 3- fold with Fano polytope the 
reflexive polytope in Hom(C x ,T) with vertices (this is polytope 1942 in the Sage implemen- 
tation of Kreuzer and Skarke's database of 4319 reflexive polytopes in 3 dimensions) 

1 -1 1 1 -1 -1 -1 1 \ 
10 1 0-1 1 0-1 -1 -1 . 
1 1 -1 1 -1 -1 -1 / 

Let Y be a projective small resolution of X, and Z the blow-up of Y in the base locus of a 
generic AC pencil. 

Example 7.11. We construct the building block Z by blowing up a different (non-generic) 
pencil on the toric semi-Fano 3-fold Y used in the previous example. One can show that any 
generic anticanonical divisor in Y appears as a fibre in a building block of this kind, so we 
can apply the orthogonal gluing argument when attempting to find matchings involving this 
block. 
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Table 2. A small number of examples of building blocks (reproduced from [16, Table 2]). 



The final example comes from a semi-Fano 3- fold whose anticanonical morphism is not small. 
Even though it is not constructed as a small resolution of a nodal variety, it still contains some 
curves with normal bundle 0{— 1) © 0(— 1). 

Example 7.12. Let X C P 4 be a generic quartic containing a double line, Y the crepant 
resolution of X, and Z the blow-up of Y in the base locus of a generic AC pencil. The 
exceptional set of Y — > X is a conic bundle with 6 degenerate fibres. Each degenerate fibre 
consists of two F 1 s intersecting in a single point. These 12 P 1 s have normal bundle 0(—l) © 
O(-l). 

Examples of compact G2-manifolds from orthogonal gluing. We start with pairs of 
building blocks Z± taken from the examples listed above and construct compact G2-manifolds 
from such pairs by using orthogonal gluing to solve the matching problem. We summarise the 
invariants of the resulting G2-manifolds in Table 5. 

More specifically given a pair of building blocks Z± with corresponding polarising lattices 
N± first we make a choice of an orthogonal push-out W = N+ of the pair N± as 

in Definition 6.5; for a given pair of lattices N± there is often some choice in this. Recall 
that perpendicular gluing refers to the special case when we choose W = N + © A©, i.e. 
R = N + n A_ = (0). In order to satisfy conditions (i) and (ii) of proposition 6.18, we then find 
an embedding W ^ L such that the inclusions N± L are primitive. Usually we achieve this 
by applying theorem 6.9 to find a primitive embedding W ^ L; we refer to this as primitive 
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orthogonal gluing or primitive perpendicular gluing. In the perpendicular case proposition 6.18 
then produces matching data, and therefore compact G2-manifolds by appeal to Theorem 3.12 
and Corollary 6.4. In the non-perpendicular case, we also need to calculate the Kahler cones 
of Z± to verify condition 6. 18 (iii) . 

The topology of the resulting G2-manifold depends only on the blocks and the choice of 
push-out. The integral cohomology groups can readily be computed using theorem 4.7 and the 
data in tables 1, 2 and 4. 

The following observation is helpful for identifying the torsion in H 3 and H 4 . 

Lemma 7.13. Let L be a unimodular lattice, N+,N- C L two primitive submodules and 
T + ,T_ their perpendicular complements in L. Then 

L/{N + + AT_) = Cok(iV + -»• T*_) = Cok(iV_ -> T|) , 

L/(N + + T_) = Cok(iV + -»• Nl) = Cok(T_ -»• T|) . 

In the case of perpendicular gluing p\ is also straightforward to compute; proposition 4.20 
tells us that it suffices to know the greatest divisors of C2 of the building blocks, which we also 
included in the tables. For non-perpendicular gluing, we have to work a little bit harder to 
compute pi, using some of the details of the C2 calculation from [16, §5]. 

The simplest building blocks to match are the 17 families of building blocks of rank one 
Fano type described in Example 7.1 and summarised in Table 1. G2-manifolds obtained by 
matching pairs of rank one Fanos already appear in [39, §8] but we can now give much more 
precise information about the topology of G2-manifolds constructed this way including, in 
most cases, their diffeomorphism type. The most straightforward way to achieve matching in 
this case is to use primitive perpendicular gluing, i.e. to choose a primitive lattice embedding 
of the rank two lattice W = N + _L N- into the K3 lattice L. Existence and uniqueness (up to 
lattice automorphisms of L) of this embedding follow from Theorems 6.9 and 6.13. However 
even in this case there are other ways to achieve matching which lead to G2-manifolds with the 
same Betti numbers but different integral cohomology groups; see example No 1 below. For 
now though we restrict attention to matching by primitive perpendicular gluing and consider 
the topology of the resulting compact G2-manifolds. 

Perpendicular gluing of pairs of rank 1 smooth Fano 3-folds. By Lemma 4.17 any twisted 
connected sum G2-manifold M arising by primitive perpendicular gluing of blocks of semi- Fano 
or Fano type is 2-connected (recall from Proposition 3.15 that K = for any block of semi- Fano 
type) and has H 4 (M) torsion- free. Hence the almost-diffeomorphism classification of Theorem 
4.11 applies to M. Recall also that from lemma 4.21 we have divpi(M) G {4,8, 12, 16,24,48} 
for any twisted connected sum G2-manifold and that Corollary 4.23 restricts the number 
of diffeomorphism types in a given almost diffeomorphism class according to divpi(M). In 
particular, there are at most 8 diffeomorphism classes realising the same value of 6 3 (M). 

The data of all possible 153 = \ ■ 18 ■ 17 such matching pairs is collected in Table 3. We 
summarise some of the main features apparent from this table. 

(i) 46 different values of 6 3 (M) arise with 71 < b 3 (M) < 239. 

(ii) All six permitted integers {4, 8, 12, 16, 24, 48} occur as divpi(M) for some M in table 3. 

(iii) 82 different almost-diffeomorphism types occur. 

(iv) By Corollary 4.23 the diffeomorphism type is uniquely determined except in the 14 cases 
in which divpi(M) = 16 and the 1 case in which divpi(M) = 48. 

(v) There are exactly two ways to construct a 2-connected G2-manifold with b 3 (M) = 76 + 
23 = 99 and divpi(M) = 16: either take both blocks from the family Example 7.l|, or 
match 7. if to 7.l{ 6 . By Corollary 4.23 there are precisely two diffeomorphism classes in 
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b # div(pi) 
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TABLE 3. Betti numbers and almost-diffeomorphism types of 2-connected twisted 
connected sum G2-manifolds M constructed by perpendicular gluing from pairs of 
rank 1 Fano 3-folds. b 3 (M) = b A (M) = b + 23; # gives number of instances of a given 
value of b, further broken down according to divisibility of p\{M) on right of table. 
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the almost diffeomorphism type of such a 2-connected 7-manifold M. A natural question 
is therefore: are these two almost diffeomorphic twisted connected sum G2-manifolds 
diffeomorphic or not? To answer it would probably require the calculation of a generalised 
Eells-Kuiper invariant as discussed in remark 4.24. (Note this is the only way that 
homeomorphic but not diffeomorphic 2-connected 7-manifolds could arise from primitive 
perpendicular gluing of pairs of building blocks of rank one Fano type.) 
(vi) There are many ways to use primitive perpendicular gluing of different pairs of building 
blocks of rank one Fano type to produce diffeomorphic 2-connected G2-manifolds; in 
table 3 we simply look at any of the four columns where divpi | 24 and find an entry 
in any row in that column which is greater than 1. There are many such entries in the 
table. Of the 46 values of b 3 that occur in table 3, 15 of those can occur for a unique 
choice of pair of rank 1 Fanos. For the remaining 31 values of b 3 we see that except for 
four cases (6 = 78, 88, 102, 118 in the table; recall b 3 = b + 23 there) we can find at least 
two different pairs of rank one Fano building blocks that yield diffeomorphic 2-connected 
7-manifolds with b 3 (M) = b 3 . 

One concrete way to get distinct pairs of building blocks of rank one Fano type 
which yield diffeomorphic G2-manifolds is to take the pair (a) (7.122, ^-^-22) or the pair 
(b) (7.1^ 2 , 7.l} 8 ) These both yield a 2-connected G 2 -manifold M with b 3 = 48 + 23 = 71 
and divpi = 4. (The pairs (7.13,2, 7.l} 6 ) and (7.l} 8 , 7.l} 6 ) are the two other pairs yielding 
the same 7-manifold M.) By Remark 4.14 M is diffeomorphic to the connected sum of 
Mi with 70 copies of 8 3 x 8 4 where Mi denotes the unique S 3 -bundle over S 4 with 
Euler number and pi(M) = 4 • 1 G H 4 (M lfl ) ^ Z. 

Detailed examples. We now describe in detail a small number of examples to illustrate some of 
the main points. Consulting the overview given at the beginning of Section 8 may also benefit 
the reader. 

The first example shows one way in which it is possible to produce different G2-manifolds 
from the same pair of building blocks Z± . 

No 1. We take both Z + and to be building blocks of Fano type obtained from a smooth 
quartic in P 4 (Example 7.I4). Table 3 already includes the twisted connected sum of these 
two blocks given by embedding W = N + _L AL = (4) _L (4) primitively in L; the entry has 
b = 132, divpi = 8. However, we can also consider a non-primitive embedding of W in L 
for which the resulting inclusions N± L are still primitive: W is isometric to the index 2 
sublattice {(x,y) : x = y mod 2} of (2) _L (2), so a primitive embedding of the latter in L 
(which exists by theorem 6.9, or indeed by inspection) gives an embedding W L with 
cotorsion L/W = Z/2Z. Using this "non-primitive" perpendicular matching we get a twisted 
connected sum with the same Betti numbers and div p\ as before, but now Tor H 3 {M) = Z/2Z 
(recall Corollary 4.8). In particular, although Theorem 4.7 shows that M is simply-connected 
and has H 2 (M) = it is no longer 2-connected. 

Remark 7.14. In a similar way, one can get alternative perpendicular matchings with torsion in 
H 3 for many other pairs of building blocks, whether of rank 1 Fano type or otherwise. Whether 
there exist suitable overlattices of N + _L iV_ reduces to a problem about the discriminant 
groups of N + and iV_, as discussed in remark 6.12. Carrying out such an analysis for the rank 
1 pairs one allows us to realise Z/fcZ as Tor H 3 (M) of twisted connected sums for 2 < k < 5, 
and a total of 41 triples of invariants (6 4 (M), divpi(M), k) (in addition to the 82 with H 3 (M) 
torsion- free). 

Our remaining examples use building blocks from Tables 2 and 4. 
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No 2. We take Z + to be the building block from Example 7.3, and Z_ from Examples 7.3-7.6 
and use primitive perpendicular gluing to achieve matching. In all these cases the polarising 
lattices N± have signature (1,1) and hence W := N + _L iV_ has signature (2,2). Therefore 
by Theorems 6.9 and 6.13 W admits a primitive embedding W L which is unique up to 
automorphisms of L. Now we apply Proposition 6.18 to solve the matching problem noting that 
hypothesis (hi) is automatically satisfied because we are using perpendicular gluing. Observe 
that when we choose Z_ from 7.3, 7.5 or 7.6, pi(M), and hence the diffeomorphism type of M, 
depends on the choice of resolution used for the semi-Fanos. 

No 3. We match blocks from Example 7.8 and Example 7.I4 by primitive perpendicular gluing. 
Because Example 7.8 has rk K = 3, the twisted connected sum G2-manifold has b 2 (M) = 3. 

No 4- We use perpendicular gluing to match the semi-Fano type blocks Z± from Examples 
7.12 and 7.10 respectively. In this case we cannot appeal to theorem 6.9(i) to guarantee we can 
embed W = N + _L N- in L because rk W = 2 + 10 = 12 > 22/2. However, the discriminant 
group W*/W is Z/8Z x Z/4Z x Z/4Z x Z/2Z, which is generated by 4 elements. So 1{W) = 4 
and we can apply 6.9(h) to get a primitive embedding (and it is unique by theorem 6.13). 

We find 21 associative S 1 x S 2 in M. The 12 from Z + come in pairs that are close together, 
as they arise from pairs of P 1 C Z + that intersect. However, there is no a priori reason that 
the associatives in M should intersect after the perturbation in theorem 5.3. 

No 5-6. In these examples, we use perpendicular gluing to match a block Z + arising from the 
Burkhardt quartic (Example 7.7) with a block Z_ of Fano type arising from a Fano 3-fold of 
Picard rank 1 (Example 7.1). Let r and d be the rank and degree of the Fano 3- fold used. 

The polarising lattice N + of the Burkhardt quartic block Z+ has rank 16, while iV_ is 
generated by a single vector of square- norm m = rd. Note that because rkiV_ = 1, we must 
a priori choose the embeddings N± > L to be perpendicular to have any chance of finding 
matching data, since this involves finding a (Kahler) class in iV_ that is orthogonal to N+. So 
we seek embeddings of W := N + _L (m) in the K3 lattice L, so that each of the two sublattices 
N± is primitive in L; recall however, that we do not insist that the embedding of the whole 
lattice W is primitive in L. Because of the high rank of W some work is required to demonstrate 
existence of such an embedding and for this we will need to use precise information about the 
lattice N + . Recall from Example 7.7 that N + has a unique primitive embedding in L; its 
orthogonal complement in L is T = A2(— 1) _L 2U(3). The problem is therefore equivalent to 
finding a primitive vector x G T of square-norm m, so that we can take the image of 7V_ to 
be (x). (Theorem 6.9 is of no use for finding the primitive embedding iV_ '—t T since T is not 
unimodular.) 

The discriminant group of W is simply the product of the discriminant groups of the two 
orthogonal summands 

W*/W ^ (Z/3Z) 5 x Z/mZ. 

Consider first the case when 3 | m. Then £(W) = 6. Since ikW = 17, (6.10) is not satisfied, 
and there can be no primitive embedding W L. On the other hand, we can certainly find 
a primitive vector x of square-norm m in U(3) C T, and thus we get embeddings W L 
that allow us to match Example 7.7 to 7.1g, 7.lj; 2 , 7.1^ 8 , 7. 1§ or 7.lf. We label these examples 
No 6a-e. In all five cases Tor L/W = Z/3Z by lemma 7.13, so the resulting G2-manifolds have 
Tor H 3 (M) Z/3Z. 

If m is not divisible by 3, then (Z/3Z) 5 x Z/mZ ^ (Z/3Z) 4 x Z/3mZ and i{W) = 5. 
Therefore we are just on the borderline where the existence of a primitive embedding W L 
is not excluded by (6.10), but also not guaranteed by theorem 6.9. In fact, all elements of 
A2(—l) -L 2^7(3) have square-norm or 1 mod 3, so if m = 2 mod 3 there is no suitable 
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embedding W L, and therefore we cannot match Example 7.7 with 7.13,, 7.1g, 7.l\ 4 , 7. if or 
7.I4 at all. On the other hand, ^4 2 (— 1) does contain a primitive vector of square- norm —2 and 
U (3) contains vectors of square-norm 3k for any k; thus, if m = 3k — 2 we can find the desired 
primitive x € T, and the resulting embedding W L is primitive by lemma 7.13. Hence 
we can match 7.7 to 7.l|, 7.l\ , 7.l} 6 , 7.I22, 7.1 2 ,, 7.l| and 7. if using primitive perpendicular 
gluing to get 2-connected G2-manifolds, which we label No 5a- g. 

Since divc2(Z+) = 2, all the G2-manifolds we get this way have divpi(M) = 4. Note 
that No 5a and 5g are both 2-connected with b 3 (M) = 95, so are diffeomorphic by theorem 
4.11. No 5c, 5d and 6c all have b 3 (M) = 53, but No 6c has Tor H 3 (M) = Z/3Z so is not 
diffeomorphic to the first two. 

No 7. We match two copies Z± of blocks from example 7.11 using perpendicular gluing. Let 
Nq = (8) _L (—16), and let N± be two copies of the polarising lattice Eq(— 1) _L Nq of the 
block. We need to construct an embedding of N. 
2Nq in 3U by the matrix 

/4 
1 



_L N- in the K3 lattice L. First we embed 









1 






-4\ 
1 



-4 
1 J 



Note that each of the two copies of N is embedded primitively, but 3U/2N ^ Z 2 (Z/8Z). 
(For a finite index overlattice of 2A^o to be primitively embeddable in 3U its discriminant 
group can have at most 2 generators according to (6.10); since the discriminant group of 2iVo 
is (Z/8Z x Z/16Z) 2 such an overlattice must have index at least 8, so there is no way to embed 
2iVo into 3U with smaller cotorsion.) 

Next we embed N + _L iV_ in L = 3U _L 2E 8 (-1) by embedding iV ± iVo in 3U as above, the 
first copy of Eg(— 1) in the first copy of Es(— 1), and the second in the second. By corollary 4.8 
Tor H 3 of the glued G 2 -manifold is Z/8Z. Since is embedded perpendicular to N- there 
will be no torsion in H A of the G2-manifolds. 

No 8: orthogonal gluing with large cotorsion. We use a pair of building blocks Z± of semi- 
Fano type obtained from the construction of Example 7.6, i.e. starting with a quartic 3- fold 
containing a quartic del Pezzo surface F = ^2,2 (the complete intersection of two quadrics). 
We aim to use "non-primitive" perpendicular gluing to achieve "cotorsion" as large as possible. 
The polarising lattice N + = AL is the integral lattice with matrix 

'4 4^ 

and discriminant (Z/4Z) 2 . We construct an explicit embedding of W = N + _L iV_ in L with 
cotorsion L/W = (Z/4Z) 2 — the largest compatible with the requirement that both N± C L 
be primitive embeddings. Consider the lattice 



W = Z , with intersection matrix B 



/4 
4 




0\ 


4 
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Then embed W in 2U via the matrix 



(2 





-2 


o\ 


1 


i 





-1 


2 





2 





v° 


1 


1 


1 ) 



We can check that the embedding is isometric, that the restrictions to N± are primitive and 
that (2U)/W = (Z/4Z) 2 . Next, compose with the obvious primitive embedding 2U ^ L. 

More abstractly, we could use Nikulin's theory of lattices [51, §1]. TV" is anti-isometric to 
itself, and hence so is the form on its discriminant group (Z/4Z) 2 . Therefore remark 6.12 
immediately provides overlattices W of W with W'/W any of the six subgroups of (Z/4Z) 2 . 

Similar principles are at work in No 7 (there Ao is anti-isometric to itself). 

No 9: orthogonal gluing with nontrivial intersection. For this family of examples we glue or- 
thogonally (but not perpendicularly) building blocks Z± of rank two Fano type, cf. Exam- 
ple 7.2. Note that we could of course choose a primitive embedding of the signature (2, 2) 
lattice N+ _L N_ into L and therefore match Z± by perpendicular gluing. As we have seen 
this would yield 2-connected 7-manifolds with torsion- free H 4 . Instead here we choose to use 
orthogonal gluing where the intersection R = N- n N_ has rank one; this will give rise to 
a series of examples with H 2 (M) = Z and illustrates again how the same pair of building 
blocks — matched in different ways — yields different smooth 7-manifolds. 

We will use the rank two Fanos which are No 2, 6, 10, 12, 21 and 24 from the Mori-Mukai 
list. Table 4 summarises the information we need about these rank two Fanos; the Picard 
lattices N of Y are computed in a basis L,M of supporting divisors, i.e. the (closure of the) 
ample cone of Y is spanned by L and M. 



No 


-K 3 

Y 


H 2 (Z) 


N 


H 3 (Y) 


H 3 (Z) 


div c 2 (Z) 
mod A L 


2 
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Z 3 


I 2 


2\ 
2) 


Z 40 


z 48 
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12 


z 3 


( 2 


4 1 

2) 


Z 18 


z 32 


12 


10 


16 


z 3 


V 
( 8 


4 1 
J 


z 6 


z 24 


8 


12 


20 


z 3 


V 

1 4 

\6 


6 1 
4 ) 


z 6 


z 28 


4 


21 


28 


z 3 


1 6 


6 J 


(0) 


z 30 


4 


24 


30 


z 3 


1 2 

u 


5 1 

2 


(0) 


z 32 


12 



Table 4. Some building blocks from rank 2 Fanos 



In all cases we choose A = L + M as our ample class in the lattice (this coincides with —Ky 
except for No 24, where — Ky = 2L + M) and push out along a common R = A^. To verify 
that the pushout exists, we present as an overlattice of (A) _L R: 

(» »)-i(l..)Z + * in (« _° 6 ) 
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(4 ty = \{i,m+z? in 

(4 o)=I (3 ' 1)z+z2 in 

(t ;)=^ i > z+za in 

(8 SH<M)Z + tf in 

(5 2)=^ 1 ' 1 ) Z + Z2 in 




28 \ 

-4; 



20 \ 

-4; 



12 \ 
-4/ 



14 \ 
-6) 



16 
-16 



■) 



We see that we can form G2-manifolds M with H 2 (M) = R = N + n N- = Z by matching any 
pair taken from Nos 6, 12 and 21, matching 10 to itself, and 2 to 24. In each case the image 
of N± in A^Jj- is primitive, so there is no contribution to the torsion of H 4 (M). 

To compute p\(M), proposition 4.20 explains that we need to find the greatest divisor of 
c 2 (Z±) modulo the image of R = A L in N± C H 4 (Z±). By [16, Lemma 5.18], this is the 
greatest common divisor of 24 and C2(Y±) + c\(Y±) 2 modulo the image of R in = H (Y). 
The latter is determined by the restriction of C2(Y±) + ci(Y±) 2 to divisors in the orthogonal 
complement to R, i.e. just to A itself. For the cases where we use A = —Ky, the relation 
c 2 (Y)(-K Y ) = x(K3) = 24 implies that div(c 2 (Z) mod A 1 ) = gcd(24, -K Y ). 

For No 24 we must do a little more work. This Fano 3- fold is a generic bidegree (1,2) divisor 
in F 2 xP 2 . The class A has bidegree (1,1). The projection of a generic divisor in the class to 
the second P 2 factor contracts 7 (—1) curves, so 02(A) — ci(^4) 2 = 8. By [16, Lemma 5.15], the 
evaluation of c 2 (Y) + ci{Y) 2 on A is 8 + 28 = 36, so dw(c 2 (Z) mod A 1 -) = 12. 

No 10: torsion in H 4 . In this example, we use orthogonal gluing with non-trivial intersection 
arranged so that there is some torsion in H 4 of the twisted connected sum. We take both Z + 
and Z_ to be building blocks from example 7.9, that is P 3 blown up at the components C\, 
C 2 , C3 of the base locus C of a pencil of quartics containing a fixed pair of conies C± , C2 ■ 

In the notation from example 7.9, the triple A — C\ — C 2 , C\ — C2, A spans an index 2 
sublattice N' C N with intersection form 



N = N' + 1(1,1,1), and we can form an orthogonal push-out W = N + iV_, identifying the 
sublattices R = (—8) spanned by A — C\ — C2 in each copy N±. Note that the image of N± in 
iV* has cotorsion Z/2Z. Therefore the twisted connected sum has Tor H 4 (M) = (Z/2Z) 2 by 
lemma 7.13. 

To apply proposition 6.18 to find matching data, we need to check that Amp 2 7^ 0, 
where W = R 1 - = (A, C\ — C2) C N^. From the analysis of Amp^ in example 7.9, we see that 
A + A(-Ci + C 2 ) e Amp 2 DW for small A > 0. 

Because H 4 (M) has only 2-torsion, and p\(M) is divisible by 4 a priori, divpi(M) is the 
same as the greatest divisor of the image of p\(M) is the free part of H 4 (M). To compute 
the latter, it suffices by the details of proposition 4.20 to find divc2(Z±) modulo the primitive 
overlattice of the image of N in H 4 (Z±). This amounts to evaluating C2(Z±) on divisors 
representing classes in H 2 (Z±) whose image in H 2 (S) is orthogonal to R. The group of such 
divisors is spanned by S itself, E\ + E2 + E3 and E\ — E%. C2(Z±) evaluated on S is 24 as 
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usual. On the other two basis elements we see from [16, Proposition 5.11] that it evaluates to 
64 and 20, respectively. Thus the greatest common divisor is 4, and divpi(M) = 8. 

Handcrafted nonorthogonal K3 gluing. Gluing by means of the orthogonal pushout con- 
struction is convenient because it reduces the problem of finding compatible pairs of ACyl 
Calabi-Yau 3- folds V± arising from a given pair of deformation types of building blocks Z±, 
essentially to arithmetic considerations involving the pair of polarising lattices N± of the two 
families. This allows us to produce large numbers of compact G2-manifolds with relatively 
little labour; see Section 8 for a discussion of many further such examples. However, in most 
cases arising in practice, we expect to be able to glue much more generally. Unfortunately, 
this seems to require much more precise explicit information about K3 moduli spaces and that 
information is very expensive to obtain. Here we just give the simplest possible example(s). 
The general scheme is as follows: 

• Choose semi-Fano deformation types y± with Picard lattices N±. Also choose H± G N± that 
correspond to ample (Kahler) classes on the semi-Fanos (H± £ Amp^ ± in the terminology 
of proposition 6.15). In the end, we plan to glue blocks Z± obtained from semi-Fanos from 
these families by blowing up AC curves. 

• Choose a lattice W = N + © iV_ where N + , N- are not necessarily orthogonal, but where W 
has signature (2, r — 2) and H + G and H- G N+. Embed W primitively in L. 

• Let A + = H^: C W and A_ = C W. Construct projective models for A-t-polarised K3s 
to show that the generic K3s can still be found as hyperplane sections of semi-Fanos from 
the starting classes y±. 

• Among the semi-Fano type building blocks constructed from y± we can therefore find a 
subfamily that is (A±, Ampy )-generic in the sense of definition 6.17 (except that the cone 
Amp^ ± is not open in A±(R), but that is unimportant here). Since we made sure that 
Amp-y ± n A^ is non-empty, Proposition 6.18 shows that we can glue. 

Remark. Note that even though the K3 fibres have PicS± = A±, the images of H 2 (Z±) in 
H 2 (S±) are still N±; the topology of the twisted connected sum involves the embeddings of 
N± in L and not A±. 

In the construction of the projective models we use the following well-known: 

Lemma 7.15 ([55, Chapter 3]). Let S be a K3 surface, and A a nef line bundle on S with 
A 2 > (that is, A is nef and big). 

(I) Either: 

• \A\ has no fixed part, or: 

• \A\ is monogonal, that is: A = aE + T where E 2 = 0, E ■ T = 1, T 2 = —2, and a > 1. 

(II) Assume that \A\ is not monogonal. Then \A\ is base point free and either: 

• the morphism given by \A\ is birational onto its image and an isomorphism away from a 
finite union of —2 curves, or 

• \A\ is hyperelliptic, that is, one of the following cases: (a) A 2 = 2 and S is a double cover 
ofF 2 ; (b) A = 2B with B 2 = 2 and S is a double cover of the Veronese surface; or (c) S has 
an elliptic pencil E with A - E = 2. 

No 11. We plan to glue two building blocks obtained blowing up AC curves on two semi- 
Fano 3-folds Y± that are small resolutions of quartic 3-folds X± containing a 2 • 2 complete 
intersection in P 4 (example 7.6). In a basis A = —Ky, E the Picard lattice iV of Y± has 
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quadratic form 

'4 4 



. 4 °/ 

Note that A is not ample on Y. We change basis to H = A + E, E so the intersection form is 

12 4 N 
4 0, 

We glue together two copies N± of N into a lattice VF with basis H + , E + , H_ , E_ and inter- 
section form 



(12 


4 





o\ 


4 








1 








12 


4 


\o 


1 


4 


0/ 



Note that IU has signature (2,2). 

Let A + = H^: and A_ = H+: we want to glue A + -polarised K3 surfaces with A_-polarised 
K3 surfaces. Write A = A + = A_: we will show that a generic A-polarized K3 surface S — that 
is, one for which Pic S = A — is always the hyperplane section of a quartic X as above. 

A has basis H = H + , E = E +1 £ = — i7_ + 3E- and the intersection form in this basis is 

'12 4 
4 3 
3 -12, 

To study this, it is best to change basis back to A = H — E, E, V = H — E 

'4 4 7 




First we show that the class A is ample and not hyperelliptic, and thus embeds 5 as a quartic 
surface in P 3 containing a 2 • 2 curve. Indeed we claim: 

(i) There is no vector v G A with A ■ v = 1 and v 2 = 0; 

(ii) There is no vector v G A with A - v = 2 and v 2 = 0; 
(hi) There is no vector v G A with A ■ v = and t> 2 = —2, 

Indeed, write v = (x, y, z). 

For the first we know 4x + 4y + 7z = 1 and 4x 2 + 8xy + 14xz + 2yz — 2z 2 = 0. Use the linear 
equation to get x in terms of y and z, then substitute and clean up. We end up with 

16y 2 + 48yz + 57 z 2 = 1. 

This is easy, because the conic is positive definite. In fact can just complete the square and 
write the left hand side as 

(4y + 6z) 2 + 21z 2 = 1. 

This immediately gives z = (otherwise left hand side is > 21), and hence lQy 2 = 1 which is 
impossible. Similarly, the second question becomes 

16y 2 + A8yz + 57z 2 = 4, 

which yields to the same technique. The third becomes 

16y 2 + 48yz + 57z 2 = 8, 

which again cannot work for the same reasons. 

Consider now the moduli stack R A ' A of (A, A)-polarised K3 surfaces introduced in [16, §6]. 
This involves a choice of a certain partition A + U A~ of the set A = {5 G N \ 5 2 = —2}; 
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Table 5. A small number of examples of G2-manifolds. ao is the number of 
rigid associative 3- folds diffeomorphic to S 1 x S 2 we can exhibit. 



by (iii), we can take A + = {5 G A | A ■ 5 > 0}. It follows from lemma 7.15 above that if S 
is a generic surface of the moduli stack — that is, one for which PicS* = A exactly — then A is 
ample on S and that it embeds S as a quartic in P 3 . 

All this goes to show that S embeds in P 3 as a nonsingular K3 with an equation of the form 

a 2 6 2 + c 2 d 2 = 0. 
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Think now P 3 C P 4 as X4 = 0: it is elementary to see that, if 02, 62, £2, d 2 are general forms in 
xo, . . . ,X4 that give a, b, c, d when restricted to P 3 , then 

X = (0262 + c 2 d 2 = 0) C P 4 

is a 3-fold of the required type containing S as a hyperplane section. 

To work out p±, we need to understand C2(Z+) modulo the image of iV_ in H 4 (Z + ) 
and vice versa. By [16, Lemma 5.18], we can compute it by taking the greatest common divisor 
of 24 and C2(Y±) + ci{Y\) 2 evaluated on divisors in N + C\N^ . In this case, N + C\N^ is generated 
by H+ = A + + E+. The restriction of c 2 (Y 1 ) + ci(Yi) 2 to the first term is x(K3) + (-ify) 3 = 
24+4 = 28 (since A is just —Ky), while it is computed in [16, Example 7.6] that the restriction 
to E + is 44. Hence div(c 2 (Z + ) mod Im(iV_)) = gcd(24, 28 + 44) = 24. 

It is straightforward to assemble the remaining topological information in the table. Note 
that the usual relation for b 2 (M) + b 3 (M) (1 emma 6.7) is not satisfied since the gluing is not 
orthogonal; in particular the value of b 3 (M) is different from No 8, even though that example 
uses the same building blocks. 

Obstructed associatives. Let us illustrate how one can apply proposition 5.18 to construct 
families of associatives - including some obstructed ones - in compact G2-manifolds from 
special Lagrangian rational homology spheres in building blocks. The easiest way to exhibit 
concrete examples of the latter is to use real algebraic geometry; complex conjugation on an 
algebraic variety is an antiholomorphic involution, and the fixed set of an antiholomorphic 
involution on a Calabi-Yau manifold is special Lagrangian (with some phase). If we construct 
a building block from a real (semi) Fano Y by blowing up a real anticanonical curve, then the 
building block also has a real structure. A component L of the real locus of Y not meeting 
the chosen anticanonical divisor gives rise to a special Lagrangian in the ACyl Calabi-Yau V. 
To apply proposition 5.18 we require that 6 1 (L) = and that [L] € H^(Y;R) is non-zero (see 
remark 5.19). 

Given a building block with a suitable special Lagrangian, we still need to match it to another 
building block to construct a G2-manifold. The 'orthogonal gluing' argument is unfortunately 
not very compatible with the use of real algebraic geometry, so it is not so easy to write down 
a list of building blocks containing special Lagrangian spheres and claim that each can be 
matched with a list of building blocks. Instead we limit ourselves to showing that for some 
examples we can find at least some matching. 

When we construct an S 1 -family of associatives like this, with a map / from S 1 to a 1- 
parameter family of G 2 -structures that specifies by which G2-structure the members of the 
family are calibrated, critical points of / correspond to associatives with obstructions. If the 
entire S 1 -family is associative with respect to the same G2-structure (i.e. f is constant) then 
they are all obstructed, but one would expect that the critical points of / are isolated. As one 
moves in the 1-parameter family of G 2 -structures and approaches a local extreme value, two 
associatives move together, coincide as a single obstructed associative, and then disappear (or 
vice versa). 

Example 7.16. We consider a particular block Z + from Example 7.l\. Let Y be the quartic 3- 
fold in CP 4 defined by Q(X) = -X^+Xf+X^+X^+Xf = 0. Its real locus L is homeomorphic 
to S 3 and does not meet the anticanonical divisor Xq = 0. If we blow up the intersection of 
Ao = and another real hyperplane section of Y to form Z + , then Z + has a real structure and 
an anticanonical divisor that does not meet the real locus S 3 . We can give = Z + \S+ 
an ACyl Calabi-Yau metric that is invariant under the real structure a, and it then contains 
a special Lagrangian L = S 3 . 
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More precisely, up to sign V + has a unique holomorphic volume form Q = a + i(3 such that 
a* ft = U, and L (correctly oriented) is calibrated by a. On the cylindrical end R + x S 1 x S we 
can write the Kahler form as dtAdfi+u 1 and a = d$Auj J + dt Aco K . The real structure a on 
preserves uj k and reverses u/ and oj j . On the other hand, the involution (X± : X2 : A3 : X4) 1— > 
(X2 : X\ : X3 : X4) has fixed set of dimension 1, so defines a non-symplectic isometry t on S + , 
i.e. r*u/ = u 1 while t*(uj j + ioo K ) = -(uj j + iuj k ). Under a hyper-Kahler rotation S+ ->■ 5_ 
(definition 3.9), re therefore corresponds to a non-symplectic involution. The fixed set of to 
is homeomorphic to 2 copies of S 2 (any point in the fixed set can be written uniquely as 
{e ie : e~ ie : x 3 : x 4 ), with 9 G [0,7r), x 3 ,x 4 G R and x| + x| = 2Re(e i49 )), and the quotient 
(S- x C)/rcr can be resolved by blow-up to form an ACyl Calabi-Yau V- of non-symplectic 
type (c/. remark 3.18) that is compatible with V+. 

To apply proposition 5.18, we need to check that L is not homologous to in Y. If it is, 
then so is its preimage L in H4 of the unit normal bundle of Y in CP 4 . For any homoge- 
neous polynomial P of degree 3, ^(XodX\dX2dXsdX4 — XidXodX^dX^dX^ + . . .) defines 
a meromorphic 4- form on CP 4 with poles only on Y . Using the affine chart Xq = 1, its 
integral over L reduces to J L P(X)XjdXidX 2 dX 3 dX 4 , which is non-zero if we choose e.q. 
P = x {xl + X\ + X\ + Xf). 

Remark. For L to be homologically non-zero in Y it was sufficient to find one meromorphic 
form with poles on Y and non-zero integral over L. In fact this condition is also necessary 
(Griffiths [29]). 

Remark. In the example above, the compact G2-manifold (M, ipo) has a G2-involution ip, which 
acts on the first half S 1 x V by (—1, cr). tp acts as a reflection on the S 1 -family of associatives in 
S 1 x M. tp also acts as a reflection on the 1-parameter family of G2-structures {ft '■ t G (— e, e)} 
in which the associative family becomes unobstructed, if we choose it carefully. The map 
/ : S 1 — > (— e, e) must be ^-equi variant. That / maps the fixed points of the reflection in S 1 
to tp® corresponds to the fact that the fixed locus of -ip in the G2-manifold is associative. But 
considering only the fixed locus we cannot tell whether it is rigid or not. By considering the 
whole S 1 -family we see that it contains some obstructed associatives. 

Example 7.17. Let Qo C CP 4 be a real quartic 3- fold with a single nodal singularity. The 
singular point must then be real. Suppose that the local model of the singularity is x 2 + y 2 + 
z 2 + w 2 = (in real coordinates). Then the real locus of a (real) deformation Q of Qo that 
smooths the singularity to x 2 + y 2 + z 2 + w 2 = e > contains an S 3 . Because this is the 
vanishing cycle of a quartic with a single node it is homologically non-zero. 

8. Review and Outlook 

We now move from concrete examples to a more general discussion of the possibilities of 
the construction and some of the prospects for future developments. 

Overview. At this point it will probably be helpful to give an overview of what has been 
achieved so far and also to reflect on some of the lessons learned from the examples given in 
the previous section. We begin by recalling the main degrees of freedom in the construction. 

First we have the choice of building blocks: according to proposition 3.15, we can for almost 
(recall the Assumption before 3.14) any Fano or semi-Fano 3-fold blow up a generic AC pencil 
to get a building block of Fano or semi-Fano type (in the sense of Definition 3.16), which has 
K = (recall (4.1)). For some Fanos and semi-Fanos we can instead choose to blow up a 
nongeneric AC pencil to obtain building blocks, e.g. Examples 7.8,7.9 and 7.11 give building 
blocks obtained from nongeneric AC pencils on P 3 , P 3 and a particular toric semi-Fano 3-fold 
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respectively. As illustrated by these examples, depending on the pencil being blown up these 
blocks may or may not have K = 0. In such cases care must be taken to ensure that the blocks 
satisfy the conditions in definition 6.17, which are used in our matching arguments (and also 
the topological properties assumed in our calculations of the cohomology of M) . The 74 blocks 
of non-symplectic type constructed by Kovalev-Lee all have K ^ (however, recall Remark 
4.19). 

Choosing a pair of deformation types of building blocks Z± fixes the pair of polarising 
lattices N± . Let n± = rk N± . Choosing the building blocks also fixes the number e± of compact 
rigid curves in V± = Z±\S±. By Theorem 4.7(h) b 2 (M) > rkK + + rklf_. In particular, to 
obtain G2-manifolds with b 2 (M) = (e.g. if we want to construct 2-connected manifolds) we 
must choose blocks with K± = 0. 

Next we choose the method of matching: perpendicular gluing, orthogonal gluing or hand- 
crafted gluing. For simplicity and because it is difficult at this stage to say anything very 
systematic about handcrafted gluing here we stick to commentary on perpendicular or orthog- 
onal gluing. 

Primitive perpendicular gluing. Whenever N + _L iV_ can be primitively embedded in the K3 
lattice L then we can match the building blocks Z± by primitive perpendicular matching; this 
always yields a 2-connected 7-manifold with torsion-free cohomology to which we may apply 
the general classification theory described in §4. iV + _L iV_ always embeds primitively in L if 

(8.1) n+ + n_< 11 

(see (6.11)). If we are able to compute the lattices N± in detail (and not just their ranks n±) 
then we can determine their discriminant groups and hence determine t = i(N + _L iV_); by 
6.9(h) N L iV + admits a primitive embedding in L if 

(8.2) n+ + n_+£< 22. 

See No 4 for an example satisfying the second inequality but not the first. 

To summarise: when it applies primitive perpendicular gluing requires little effort and yields 
2-connected 7-manifolds with torsion-free cohomology; it therefore allows us to produce many 
G2-manifolds for which we understand the diffeomorphism type. 

Non-primitive perpendicular gluing. If iV_ _L N + admits a primitive embedding in L then 
n + + n_ + 1 < 22. For some pairs of blocks (e.g. the Burkhardt block matched to any semi- 
Fano or Fano block with Picard rank greater than 1) this inequality is violated and hence N + _L 
N- admits no primitive embeddings in L. Nevertheless, N+ _L iV_ may admit non-primitive 
embeddings in L which are primitive when restricted to both N + and iV_ (as exhibited in 
No 6 ) . In this case the resulting G2-manifold is simply-connected with H 2 = and Tor H 3 ^ 

(and therefore H2 = TT2 7^ 0). Even if iV L iV+ does admit a primitive embedding in L, it may 

still admit non-primitive embeddings in L which are primitive on each factor N±. In this case 
different matchings of the same blocks can produce both 2-connected and non-2-connected 
G2-manifolds with the same Betti numbers, distinguished by the torsion in H^. As explained 
in remark 6.12, the problem of finding suitable non-primitive embeddings _L iV_ L 
reduces to a fairly manageable analysis of the discriminant groups of N± ; this is used in No 1 
and 8 and remark 7.14. Later in this section we describe the prospects of extending the known 
smooth classification results to 1-connected 7-manifolds with TT2(M) a finite cyclic group. 

Orthogonal gluing. If min (n_,n+) > 1 then we may also attempt to use orthogonal but not 
perpendicular gluing; this will always yield manifolds with b 2 > 0. In this case we encounter 
two additional problems. The first is the arithmetic problem of finding a non-trivial lattice R 
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that can be primitively embedded in both N + and iV_ , such that the push-out W = N + _L# iV_ 
is an integral lattice. For instance, if we want R = (— m) then we look for primitive vectors 
x± G N± of square-norm — m, and Example 6.8 demonstrates that we need that if the image 
of the orthogonal projection of N± to (x±) is j^(x±), then d+d- | m. The second problem 
is to satisfy condition (iii) in proposition 6.18, that the orthogonal complement of R in N± 
contains some classes that are ample on the building blocks. For non-symplectic type blocks it 
would be enough to check that R contains no —2 classes (cf. remark 6.19), but the semi-Fano 
case is more subtle. 

Example 8.3. The polarising lattice ./V of the block Z in Example 7.4 can be presented as 

(-*J) = I(M)z + tf ta 

and there is an orthogonal push-out W = N _L/j N with R = (—12). However, the pre-image in 
Pic Y of the square- norm 4 vector x G N that is orthogonal to R is exactly —Ky of the quartic 
semi-Fano Y that the block is obtained from. Since Y is not a genuine Fano, —Ky is not an 
ample class on Y; indeed, the anticanonical morphism contracts 12 curves. Any pre-image of 
x in Pic Z evaluates to on the 12 exceptional curves, so cannot be ample on Z. Therefore 
there can be no matchings compatible with this W. 

For a given pair of blocks, there need not be any suitable R. For blocks with rkiV = 2 
there are not very many degrees of freedom in choosing R, but we found some solutions in 
No 9. There we used rank 2 Fano type blocks, and it was not too hard to compute the ample 
cones. We expect that solutions become more plentiful as the rank increases, but on the other 
hand the ample cones are more complicated to describe, and it is less practical to search for 
solutions by hand. The supply of toric semi-Fano blocks described below should be suitable 
for an automated search. 

Twisted connected sums that use perpendicular gluing (whether primitive or not) always 
have H A (M) torsion-free. To get non-trivial torsion in H 4 (M) from orthogonal gluing, we need 
to find a non-trivial orthogonal push-out W = N + iV_ , but with conditions on R that are 
more restrictive than merely ensuring that W is an integral lattice. For example, if R = (—m) 
then in the notation used above the condition for W to be an integral lattice is that d+d- | m, 
but lemma 7.13 shows that Tor H 4 (M) ^ (Z/kZ) 2 where k = (e.g. if Example 8.3 had 

worked, it would give Tor H 4 (M) ^ (Z/3Z) 2 ). Again we expect that solutions are easier to find 
when rk N± are larger; in No 10, our only explicit example with non-trivial torsion in H 4 (M), 
we used blocks with rank 3. 

Mass-production and Geography. In this section we describe some general features of the 
G2-manifolds that can be mass-produced using our methods. 

G2-manifolds from pairs of smooth Fano 3- folds. We previously described in detail the 2- 
connected manifolds that can be constructed as twisted connected sums of rank 1 Fano type 
building blocks; we now outline what can be achieved if we drop the rank 1 assumption. 
Orthogonal, but non-perpendicular, matching of building blocks of rank two Fano type was 
considered in No 9 in the previous section, but the easiest way to mass-produce examples is 
to consider primitive perpendicular gluing again. 

Consulting the Mukai-Mori classification shows that out of 5564 = |x (106 x 105) possible 
pairs of Fano 3- folds, 5401 satisfy the (crude) rank condition (8.1) and therefore admit a 

primitive embedding of iV L ATf in L. We call the 163 pairs that fail to satisfy the previous 

inequality the exceptional Fano pairs. With more work one could compute the Picard lattices of 
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all the smooth Fano 3-folds and determine their discriminant groups in order to check whether 
the refined rank/discriminant condition (8.2) is satisfied; this would yield further matching 
pairs. (Recall from the Mukai-Mori classification that every Fano 3-fold F satisfies p(F) < 10 
and if p = p(F) > 6 then F is biholomorphic to a product P 1 x Sn— p ; here denotes a del 
Pezzo surface of degree d with 1 < d < 5 and is obtained by blowing up P 2 in 9 — d sufficiently 
general points. Therefore all 163 of the exceptional Fano pairs include at least one product 
Fano 3- fold P 1 x S^. For simplicity, we shall not consider these exceptional pairs any further 
in this paper.) 

All 5401 G2-manifolds produced are 2-connected and have torsion-free cohomology; therefore 
they are classified up to almost-diffeomorphism by 6 3 (M) and divpi(M). 70 values of 6 3 (M) 
are realised by primitive perpendicular gluing of nonexceptional pairs of Fanos (versus 46 
values from pairs of rank 1 Fanos). We have b 3 (M) = 23 + 6 for some even integer b where 
either b = 216 or 32 < b < 174; in the latter case all even values of b within the range are 
realised except for b = 126,168 or 170. In particular, the smallest value of 6 3 (M) produced 
this way is 32 + 23 = 55. 

We have not studied systematically the values of divpi(M) arising from pairs of higher 
rank Fanos but this would be possible (though time-consuming) by adapting the methods 
used elsewhere in the paper and in [16, §5]. However, Corollary 4.23 implies that there are 
at most 8 possible diffeomorphism types with the same value of 6 3 . So while there are over 
5 000 Fano pairs we can match using perpendicular gluing, there are at the very most 560 
diffeomorphism types of G2-manifold that can be realised this way. In other words, there 
are many ways of finding different pairs of perpendicularly glued ACyl Calabi-Yau 3-folds of 
Fano type which yield G2-metrics on the same smooth 7-manifold. For example, there are 292 
different matching Fano-type pairs that give rise to a smooth 2-connected 7-manifold M with 
b 3 (M) = 97. 

Beyond the 2-connected world we could also seek Fano type matching pairs using non- 
primitive perpendicular gluing. This yields G2-manifolds with the same Betti numbers and p± 
as the 2-connected examples constructed via primitive perpendicular gluing, but which have 
nontrivial Tor H 3 . As we have already discussed such non-primitive embeddings of iV + _L iV_ 
are related to its overlattices and therefore to properties of the discriminant groups of N±. 
Given the variety of ways to find matching Fano pairs yielding the same value of 6 3 it seems 
likely that non-primitive perpendicular gluing will yield a considerably greater number of 
topological types, distinguished by Tor if 3 . We will not pursue this any further in the current 
paper. 

G2-manifolds from toric semi-Fanos. One very abundant source of semi- Fano 3-folds are the 
toric semi-Fano 3-folds. We refer the reader to [16, §8] for a more detailed review of their 
construction and properties. The anticanonical model of a smooth toric weak Fano 3-fold is 
a toric Fano 3-fold with at worst Gorenstein canonical singularities. Such toric Fano 3-folds 
correspond (uniquely up to isomorphism) to combinatorial objects called reflexive polytopes. 
Kreuzer-Skarke gave an algorithm to classify reflexive polytopes and showed that there are 
4319 3-dimensional reflexive polytopes of which 18 correspond to smooth toric Fanos and 82 
to terminal toric Fanos (the latter have only ODP singularities). Every Gorenstein canonical 
toric Fano 3-fold admits at least one and often many projective crepant resolutions; moreover, 
all these crepant resolutions are toric and so can be enumerated purely combinatorially. 

Using this fact we have together with Tom Coates and Al Kasprzyk enumerated all (smooth) 
toric semi-Fano 3-folds up to isomorphism. For instance, we found that there are 1009 non- 
isomorphic toric semi-Fano 3-folds whose AC morphism is small; these correspond to projective 
small resolutions of the 82 terminal reflexive polytopes. Because any toric semi-Fano 3-fold with 
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small AC morphism is rigid, these all give rise to non deformation equivalent toric semi-Fano 
3-folds. 

While not every toric semi-Fano 3- fold is rigid many of them are and rigidity /nonrigidity 
depends only on the Fano polytope and not the choice of projective crepant resolution; in total 
there are 526 230 non-isomorphic toric semi-Fano 3-folds of which 435 459 are rigid (including 
the 18 smooth toric Fanos and the 1 009 arising from the 82 terminal reflexive polytopes 
already mentioned). Thus we have at least 435 459 deformation types of toric semi- Fanos. (For 
the remaining non-rigid toric semi-Fanos more work would be needed to understand how many 
new deformation types these realise.) 

Now consider all pairs of blocks of Fano-type or rigid toric semi-Fano type. Already 39 584 
matching pairs are obtained by primitive perpendicular gluing of pairs that satisfy the crude 
inequality (8.1) (or 15 027 pairs if we only include rigid toric semi-Fanos with small AC mor- 
phism). On the other hand no new values of b 3 (M) are achieved this way. In other words, in 
the 2-connected world the main effects of allowing toric semi-Fanos (with small AC morphism) 
in addition to Fano 3-folds are: (i) to increase significantly the number of different ways of 
using the twisted connected sum construction to produce G2-metrics on the same smooth 
7-manifold and (ii) to produce many smooth 7-manifolds on which we have G2-metrics with 
different numbers of obvious rigid associatives. 

The reason why the number of Fano/rigid toric semi-Fano type pairs satisfying (8.1) is 
small compared to the numbers of deformation types of rigid toric semi-Fanos is that over 
400 000 of these deformation types have Picard rank 11 or greater and therefore can never 
lead to a pair satisfying (8.1). Many more matching pairs would be obtained if we computed 
the discriminant groups of the toric Picard lattices and applied (8.2) — the toric semi-Fanos 
with large Picard rank tend to have many nonisomorphic flops and their discriminant groups 
are typically relatively small; a more systematic study of G2-manifolds obtained via toric 
semi-Fano type blocks will be described elsewhere [15]. 

For now we content ourselves with a demonstration of the plethora of matching pairs that 
can be obtained using information about the discriminant groups of the polarising lattices 
of rigid toric semi-Fanos. For other reasons Rohsiepe computed the discriminant groups for 
the polarising lattices corresponding to any reflexive 3-polytope [56]. Table 6 lists the dozen 
"most prolific" toric semismall reflexive polytopes, i.e. the semismall reflexive polytopes with 
the most non-isomorphic crepant projective resolutions, along with the rank of the polarising 
lattice TV, its discriminant group An, its discriminant rank £(N), the number of non-isomorphic 
projective crepant resolutions and the anticanonical genus of the polytope. 

For all but two of the dozen polytopes (numbers 3 415 and 3452) it follows from the data 
in Table 6 that W = N _L A_ satisfies (8.2) for any rank two polarising lattice iV_. In fact, 
using the refined embedding criterion described in the remark following Theorem 5.4 in [40] 
one can show that if N is the polarising lattice corresponding to polytope 3 415 then one one 
can still primitively embed N _L iV_ in L for any rank two polarising lattice A_. Thus each 
deformation type of rank 2 block in combination with the rigid semi-Fanos generated by these 
11 polytopes yields almost 250 000 matching pairs. (In fact, it seems likely that a systematic 
study of the discriminant groups associated with rigid toric semi-Fanos will show that almost 
all of them can be primitively perpendicularly matched to any block of rank at most two). 

We know that there are precisely 17 deformation types of smooth Fano 3-folds of rank 1. We 
also know from [16, §8] that there are over 150 + 36 deformation types of rank 2 semi-Fano or 
Fano 3-folds, but the precise number of deformation types has yet to be determined. It follows 
that just these eleven prolific rigid semismall polytopes along with known blocks of rank at 
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Poly tope 


p(N) 




£(N) 


no. of resolutions 


9 


3282 


14 


2 • 3 2 • 4 


2 


46720 


8 


3267 


14 


2-5-8 


2 


44120 


8 


3415 


15 


2 2 • 16 


3 


35775 


7 


3452 


15 


2-3 3 


3 


34118 


7 


3297 


14 


3 • 27 


2 


24216 


8 


2989 


13 


4-19 


1 


23400 


9 


3033 


13 


3-32 


1 


16092 


9 


3013 


13 


2-5-9 


1 


13770 


9 


3026 


13 


8-11 


1 


12771 


9 


2986 


13 


3 2 • 8 


2 


12528 


9 


3018 


13 


3-4-7 


1 


8770 


9 


2683 


12 


3-29 


1 


8280 


10 



Table 6. The top dozen rigid semi-small Gorenstein Fano 3-polytopes ordered 
by the number of nonisomorphic projective crepant resolutions they admit. 
p(N), Ay and £(N) denote the rank of the polarising lattice N, the orders 
of cyclic factors in the discriminant group of N, and its discriminant rank, 
respectively, and g denotes the anticanonical genus of the polytope; the number 
in column one refers to the index of the polytope in the Sage implementation 
of the Kreuzer-Skarke list of reflexive 3-polytopes. 

most two generate over 50 000 000 (246 442 x (17 + 36 + 150) = 50 027 726) matching pairs via 
primitive perpendicular gluing. 

The geography of 2-connected twisted connected sums. Let M be a 2-connected twisted con- 
nected sum G2-manifold. All such examples constructed in this paper so far satisfy 55 < b 3 < 
239. If M is obtained from perpendicular gluing of blocks of Fano or semi- Fano type then 
there is an absolute lower bound for b 3 of 31 = 22 + 1 + 4 + 4 (because any Fano or semi- Fano 
3-fold Y has anticanonical genus g at least 2 and b 3 (Z) = b 3 {Y) + 2g{Y)). To achieve this lower 
bound we would need to find a semi- Fano 3-fold Y with b 3 (Y) = and g(Y) = 2, i.e. Y should 
be a resolution of a singular sextic double solid. Recently Arap, Cutrone and Marshburn [8] 
claimed the existence of such a smooth semi-Fano 3-fold with small AC morphism and Picard 
rank p = 2; we have not verified this example in detail ourselves. 

Assuming the existence of such a smooth semi-Fano then (because p = 2) we can im- 
mediately match such a block to itself by primitive perpendicular gluing and thus exhibit 
a 2-connected twisted connected sum G2-manifold with b 3 = 31, the smallest possible value 
of b 3 . Moreover, because Y has such small Picard rank we can also primitively perpendicularly 
match it to many other blocks of Fano or semi-Fano type. Hence the existence of this extremal 
Y gives rise to a sequence of 7 new values of b 3 less than 55 and also gives b 3 = 149 which was 
previously a "gap" in the sequence of values of b 3 . 

The ongoing classification programme for rank 2 weak Fanos (see [16, §8] for an overview) 
looks likely to produce other rank two weak Fanos Y whose corresponding block Z has small b 3 , 
e.g. there is potentially a rank 2 small resolution Y of a terminal quartic with b 3 (Y) = and 
hence b 3 (Z) = 6. In this way it seems quite likely that essentially all odd numbers between 31 
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and 189 should be realised as b 3 of some 2-connected twisted connected sum. (The existence 
of the quartic semi-Fano described above would only leave gaps at 37 and 39). 

It is somewhat curious that the building blocks we know with largest b 3 = 108 come from 
smooth sextic double solids, so that both the smallest and largest values b 3 for 2-connected 
twisted connected sums arise from sextic double solids. Among Fano type blocks, there is a 
big gap down to the next highest value 66 for b 3 . There are a few other blocks that can be 
used to construct 2-connected twisted connected sums with 197 < 6 3 < 239, e.g. some of the 
non-symplectic smoothing blocks described in remark 4.19 or blocks obtained from a small 
resolution of a nodal sextic double solid with relatively few nodes (e.g. a block from a sextic 
double solid with 15 nodes [14, Example 1.5] has b 3 = 80). 

Examples with positive b 2 . We have already seen how (non-perpendicular) orthogonal gluing 
can be used to construct G2-manifolds with b 2 > 0. However, for the two reasons we observed 
at the beginning of this section it can be somewhat labour-intensive to implement. Perhaps a 
more economical way to mass-produce G2-manifolds with b 2 > is to use perpendicular gluing 
and to choose at least one block with K / 0, e.g. Example 7.11 has xkK = 12 and arises by 
blowing up a nongeneric AC pencil on a toric semi-Fano 3-fold. 

One uniform source of building blocks with K ^ are the 74 non-symplectic type blocks 
described in remark 3.18. For example, there is a K3 surface S with non-symplectic involution 
whose action on H 2 (S) fixes N+ = 2Eg(— 1) _L U, and from which one may construct a 
building block Z+ with vkK + = 20 and b 3 (Z + ) = 8. If Z_ is any Fano or semi-Fano type 
block whose polarising lattice iV_ has rank < 2, then iV_ can be embedded primitively in 2U 
by theorem 6.9; thus iV+ _L iV_ can be embedded in L, and we can use perpendicular gluing 
to construct a G2-manifold M with b 2 (M) = 20, b 3 (M) = b 3 (Z-) + 51. As there are many 
Fano and semi-Fano 3-folds with Picard rank < 2, we can ask how many different values of 
b 3 (M) are realised this way. Considering only the Fano- type blocks we obtain 18 values of 
b 3 (Z) £ {24, . . . , 66} U{108} and where {46, 54, 60, 62} are omitted. Since the classification of 
rank two weak Fano 3-folds is still in progress we cannot currently say precisely what values can 
be obtained for semi-Fano type blocks. However, matching allowing rank two semi-Fano type 
blocks should enable us to obtain further examples with small values of 6 3 (Z_), potentially as 
low 4. Of course using a semi-Fano block also allows us to construct numerous G2-manifolds 
with b 2 > that contain rigid associative 3-folds. There are also non-symplectic type blocks 
Z + with ikK + taking any even value between and 20, such that iV + embeds in 2£ , g(— 1) © U 
and which therefore can be matched using perpendicular gluing to any Fano or semi-Fano type 
block of rank up to 2 as above. 

One could also use primitive perpendicular gluing to match Example 7.8 (which has rk K = 3 
and N = (4)) with any Fano block or any semi-Fano block of rank up to 10. There will therefore 
be many G2-manifolds with b 2 = 3. Finally with further work one could calculate divpi for 
all the examples above and thereby distinguish further topologically distinct G2-manifolds. 

Prospects of further smooth classification of simply-connected spin 7-manifolds. 

For the large number of examples of 2-connected twisted connected sums with H 4 (M) torsion- 
free, we can use the classification result 4.11 to determine the almost-diffeomorphism type. 
Except for the relatively few examples where divpi(M) = 16 or 48 we pin down the diffeo- 
morphism class completely; as explained in remark 4.24, in those two cases we would need 
to compute a generalised Eells-Kuiper invariant to eliminate the remaining ambiguity in the 
smooth structure. 

We have however also constructed (and explained how to construct many more) examples 
with relatively simple cohomology, but with iT2(M) non-trivial. The classification results for 
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simply-connected spin but not 2-connected 7-manifolds available in the literature mostly re- 
quire (at least) that H 4 (M) is finite. With cues from Diarmuid Crowley, we speculate about 
what analogues one can hope to prove when H 4 (M) is infinite but torsion- free. 

7T2(M) finite cyclic. Using non- primitive but perpendicular gluing, we can find many examples 
with H 2 {M) = and Tor H 3 (M) a cyclic group Z/kZ. Then vr 2 (M) ^ Z/kZ. As before, the 
isomorphism class of the pair (H 4 (M),pi(M)) is an obvious homeomorphism invariant, and 
when H 4 (M) is torsion-free it is equivalent to (b 4 (M), divpi(M)). Now we have an additional 
invariant given by the square z 2 G H 4 (M;Z/kZ) modulo ((Z/fcZ)*) 2 of a generator z G 
H 2 (M; Z/kZ) ^ Z/kZ. We expect that (for a fixed k) the class of the triple (H 4 (M), Pl (M), z 2 ) 
determines the almost-diffeomorphism type of M. If k is prime, and x G H (M) is a primitive 
element of which p\(M) is a multiple, this means specifying b 4 (M), divpi(M), whether z 2 = 0, 
if not whether it is multiple of the mod k reduction of x, and if so whether the coefficient is a 
quadratic residue mod k. 

7T2(M) infinite cyclic. In No 9 we gave examples with H*(M) torsion- free, and H 2 (M) = Z. 
Then 7r 2 (M) = Z. If z G H 2 (M) is a generator, then the isomorphism class of the triple 
(H 4 (M),pi(M), z 2 ) is an obvious invariant. In the setting where H 4 (M) is finite instead of 
torsion- free, and generated by z 2 and Pi/2(M), Kreck and Stolz [41] proved a classification 
result in terms of a triple of invariants si, S2, S3 G Q/Z (when H 4 (M) = 0, s\ corresponds to 
the Eells-Kuiper invariant). By analogy we expect that (H 4 (M),pi(M), z 2 ) may not suffice to 
determine even the homotopy type of M on its own, but that it may be possible that together 
with some generalisations of S2 and S3 it determines the almost-diffeomorphism type (and a 
generalised Eells-Kuiper invariant would pin down the precise diffeomorphism type). 

Formality and torsion-free ^(M). Hepworth [34] generalised the work of Kreck and Stolz to 
the case when ^(M) = Z k (but still under assumptions requiring H 4 (M) to be finite). Some 
of the generalised Kreck-Stolz invariants can in this case be interpreted in terms of the Massey 
product structure on the cohomology of M. We expect that the classification problem when 
it 2 {M) = Z fc with H 4 (M) torsion- free should also be greatly simplified if we restrict to the 
case when all Massey products vanish; this happens in particular if M is formal. Deligne et 
al [22] showed that any Kahler manifold is formal, and it is an interesting problem whether 
the same is true for G2-manifolds. For the special case of twisted connected sums, one may ask 
whether formality can be deduced from the way they are built from pairs of Kahler manifolds. 
Cavalcanti [13] shows that any simply-connected 7-manifold M with b 2 (M) < 1 is formal (so 
we did not need to consider Massey products when ^(M) is cyclic), and that b 2 (M) < 2 
suffices for formality if M is a G2-manifold. Formality of G2-manifolds is also studied by 
Verbitsky [62]. 

G2-transitions. In this section we make some more speculative remarks on how compact 
G2-manifolds constructed by gluing different ACyl Calabi-Yau 3-folds may be seen as related. 
The basic idea is that well-known transitions for Calabi-Yau 3-folds, i.e. flops and conifold 
transitions, can yield via the twisted connected sum construction analogous G2-transitions. 
We begin by recalling the basic features of these well-known 3- fold transitions. 

3-fold transitions: flops and conifold transitions. Recall that the ordinary double point (ODP) 

{z\ + z\ + z\ + z\ = 0} C C 4 

admits two (isomorphic) projective small resolutions (each of which replaces the singularity at 
the origin with a P 1 with normal bundle 0{— 1)©0(— 1)) and a smoothing {z 2 -\-Z2+z 2 -\-z 2 = t} 
which replaces the singularity with a Lagrangian 3-sphere. Let A be a nodal Fano 3-fold, i.e. 
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X has only finitely many singular points each (locally analytically) modelled on the ODP. By 
Namikawa's deformation results [50] X is globally smoothable, i.e. X is smoothable to a family 
of smooth Fano 3- folds Ff. Suppose that X also admits a projective small resolution Y. Then 
Y is a smooth semi- Fano 3-fold and the transition from the smooth semi- Fano Y to a smooth 
Fano F is called a conifold transition. (Conifold transitions have traditionally been studied 
in the context of 3-folds with c\ = 0, i.e. the Calabi-Yau case; unlike the Fano condition 
the condition c\ = is preserved under conifold transitions.) We can often also flop a given 
projective small resolution Y of a nodal 3-fold X; this has the effect of changing the choice of 
which of the two projective small resolutions of the ODP is used at some of the nodes. In the 
semi- Fano world flopping Y yields other smooth semi-Fano 3-folds which also have X as their 
AC models. 

Flopping will lead to 6-manifolds with the same integral cohomology groups but typically 
with different cohomology rings. The topological effect of a conifold transition is to replace 
a finite number of two-spheres (with normal bundle of a given type) with the same number 
of three-spheres (also with normal bundle of a given type). Care must be exercised in under- 
standing how this sort of topological surgery changes the topology — in particular the cycles 
being created or destroyed need not be homologically independent. 

Remark 8.4. There is also a conjectural picture of conifold transitions as metric transitions and 
not just topological or complex- geometric transitions. Recall that the 3- fold ordinary double 
point admits a Ricci-flat Kahler (KRF) cone metric; the term conifold often refers to the ODP 
endowed with this KRF metric. The smoothings and the small resolutions of the ODP admit 
Ricci-flat Kahler metrics asymptotic to the conifold metric. 

Suppose Xo is a nodal projective 3-fold with trivial canonical bundle. It has long been 
conjectured that the nodal variety Xo should admit a Ricci-flat Kahler metric, smooth away 
from the nodes and asymptotic to the conifold metric at each node. This is however still 
unproven. If Xo smoothes to a family of smooth 3-folds Xt with c± = then by Yau's result 
Xt admits Ricci-flat Kahler metrics in each Kahler class. Given the existence of a conically 
singular KRF metric on Xo one can instead use gluing methods to construct smooth KRF 
metrics on Xt, i.e. one glues in an appropriately scaled copy of the smoothing of the ODP 
endowed with its asymptotically conical KRF metric. This yields a 1-parameter family of KRF 
metrics that converges as t — > to the conically singular metric on Xo- Similarly, if Xo admits 
a projective small resolution Y then one could use gluing methods to construct 1-parameter 
families of smooth KRF metrics on Y that degenerate back to the conically singular KRF 
metric on Xo- 

We emphasise that this metric picture remains conjectural since the existence of the conically 
singular KRF metric on Xo remains open. 

Related G^-manifolds. Suppose that we have a conifold transition Y — > X — > F between 
a smooth semi-Fano Y and a smooth Fano 3- fold F via the nodal Fano 3- fold X. Using 
Proposition 3.15 we can generate building blocks Zy and Zp and hence via Theorem 3.4 also 
(families of) ACyl Calabi-Yau manifolds Vy and Vf. Suppose that J2L is another family of 
building blocks chosen so that there are ACyl Calabi-Yau structures in its deformation family 
compatible with some Vy and Vf- Then we can construct the resulting twisted connected 
sum G2-manifolds My and Mp and regard them as related G2-manifolds. We could of course 
replace the conifold transition above with a flop Y — > Y' and proceed as in previous case to 
obtain related G2-manifolds My and My/. We use the term G2-transition to describe either 
of these operations. 
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Remark 8.5. By analogy with Remark 8.4 one might hope for a stronger metric counterpart of 
this relation between My and Mp. The ultimate aim would be to find families of G2-metrics 
on My and Mp that converge to the same singular G2-manifold — with transverse conifold 
singularities along S 1 s — but that is currently out of reach. We will discuss the difficulties later. 
For the time being we use the relation between My and Mp (or My/) of being descended from 
related pairs of ACyl Calabi-Yaus as an organising principle. 

At the level of the 3-folds passing from the original Fano F to the semi-Fano 3-fold Y has 
three principal effects: 

(i) b 2 increases when passing from F to Y (recall 3.20 and the fact that the existence of 
a projective small resolution of X forces its defect a(X) to be positive). Hence the K3 
surfaces Sy € |— Ky\ appearing in any semi-Fano Y 6 y are more special than the K3 
surfaces Sp € |— Kp\ for any Fano F € T . 

(ii) 6 3 typically decreases when passing from F to Y, often by more than the increase in b 2 , 
but it may also stay constant (recall 3.21); 

(iii) Y unlike F contains compact rigid rational curves C\ , . . . , C e which do not intersect 
smooth anticanonical divisors Sy £ \—Ky\. Each such curve gives rise to a compact 
rigid rational curve in the associated ACyl Calabi-Yau structures on Z' \ Sy. 

One can think of the defect o of the nodal degeneration X as giving a way to stratify the 
possible nodal degenerations of the original family of smooth Fanos J 7 , i.e. we can order our 
hierarchy according to the defect of the degeneration X: by (3.20) this is the same as ordering 
by the rank of Pic Y. 

Each of the three effects above has significance for obtaining G2-manifolds by matching with 

the family of blocks . 
(i') The possible asymptotic K3 surfaces Sy of ACyl Calabi-Yau structures obtained from 
a semi-Fano Y are more special than those Sp obtained via the original Fano F. We 
interpret this as follows: it should be harder to match in the deformation family of ACyl 
Calabi-Yau structures obtained from the semi-Fano 3-fold Y than for those obtained 
from the original Fano F. 
(ii') Assuming that we can use perpendicular gluing to achieve matching of ACyl Calabi-Yau 
structures obtained from both the semi-Fano Y or from the original Fano F, then we 
will usually obtain topologically distinct 2-connected G2-manifolds My and Mp. At the 
level of complex 3-folds passing from F to Y decreases 6 3 at the expense of increasing b 2 ; 
however, at the level of G2-manifolds this transition decreases b 3 (M) while maintaining 
b 2 (M) = 0. In this sense one can think of the transition from F to Y as yielding 2- 
connected G2-manifolds which are topologically smaller. 

(iii') The e rigid rational curves Cj give rise to e new compact associative 3-folds in My 
compared to Mp. 

Moreover, by passing to (deformation types of) semi-Fanos associated with different nodal 
degenerations of F one can obtain G2-manifolds with successively smaller and smaller topology: 
see below for concrete examples obtained by degenerating quartics. In this sense G2 conifold 
transitions create a "hierarchy" of related G2 manifolds. Similarly different nodal degenerations 
X of F allow us to vary the number e. In some cases by choosing different nodal degenerations 
we can vary e without changing b 3 of the resulting 2-connected G2-manifold. This gives one 
way to exhibit G2-metrics on the same underlying smooth 7-manifold with different numbers 
of obvious compact rigid associative 3-folds. 

Remark. More generally, if after making a transition from a Fano F to a semi-Fano Y we 
can no longer match by perpendicular gluing but can instead match using the more general 
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orthogonal gluing then b 2 (M) can increase under the transition from F to Y. However, by 
lemma 6.7 the sum b 2 (M) + b 3 (M) cannot increase when passing from F to Y and usually 
must decrease. 

Matching quartic type blocks. We now give a concrete illustration of the general discussion 
above using ACyl Calabi-Yau 3-folds associated with various quartic 3-folds. Eight families of 
ACyl Calabi-Yau 3-folds associated with various quartics appear already in this paper: one 
family of Fano type obtained from any smooth quartic (Example 7.l\), six families of semi- 
Fano type obtained from projective small resolutions of defect 1 nodal quartics (Examples 
7.3-7.6 — recall that in two of these four examples cases different choices of small resolution 
lead to non deformation equivalent semi-Fanos) and the family of semi-Fano type obtained 
from a projective small resolution of the Burkhardt quartic (Example 7.7). The polarising 
lattices N in these cases are respectively: (4), the rank 2 lattices and the rank 16 lattice listed 
in table 2. In all cases we have b 3 (Z) = b 3 (Y) + 6 where for the smooth quartic we have 
b 3 (Y) = 60; for the four examples with rk A = 2 applying (3.21) we see that b 3 (Y) decreases 
linearly with the number of nodes e in the AC model X and for the Burkhardt quartic we 
have b 3 (Y) = 0. (So one might hope to use the Burkhardt block to produce G2-manifolds with 
small b 3 . However, its large Picard rank makes it difficult to match via perpendicular gluing 
as we explained earlier.) 

If for the moment we remove the Burkhardt example from consideration there are 15 pairs 
N± of lattices we can choose. In these 15 cases A + _L A_ is a lattice of signature (2, 0), (2, 1) or 
(2, 2), which therefore may be primitively embedded in the K3 lattice L. Hence we can match 
all 15 pairs by primitive perpendicular gluing to obtain a series of 2-connected G2-manifolds 
with torsion- free cohomology and dwpi = 4 or 8. The 14 values of b 3 realised this way are 

(8.6) b 3 £ {91, 93, 95, 101, 103, 107, 109, 111, 117, 123, 125, 133, 139, 155}. 

The number of rigid associative 3-folds diffeomorphic to S 1 x S 2 we can realise in these G2- 
manifolds is 

a G {0, 9, 12, 16, 17, 18, 21, 24, 25, 26, 28, 29, 32, 33, 34}. 
These examples illustrate (ii'): passing from an initial family of Fano- type blocks (which cor- 
responds to the G2-manifold with b 3 = 155) to related semi-Fano type blocks via nodal degen- 
eration and projective small resolution (conifold transitions) leads — via the twisted connected 
sum construction — to a family of related but "smaller" G2-manifolds. 

These examples also illustrate how we can exhibit G2-metrics on the same 7-manifold with 
different numbers of obvious rigid associative 3-folds: matching Example 7.3 with itself or 7.l\ 
with 7.5 both yield manifolds with b 3 = 123 = 50 + 50 + 23 = 34 + 66 + 23; in both cases 
depending on the choice of small resolutions made we can achieve either divpi(M) = 4 or 8, 
and in each case the almost-diffeomorphism type contains a unique diffeomorphism type. For 
the first matching pair we have ao = 18 = 9+9 whereas for the second we have ao = 17 = 17+0. 

Remark 8.7. It is natural to wonder whether the fact that there are different numbers of 
obvious rigid associative 3-folds for G2-metrics on the same 7-manifold M can be used to show 
these metrics are not in the same connected component of the moduli space of G2-metrics 
on M. 

These examples also illustrate another somewhat subtle point related to flops and their 
effect on the topology of the associated G2-manifolds. In Examples 7.3 and 7.5 flopping leads 
to two non-diffeomorphic blocks of semi-Fano type (arising from different projective small 
resolutions of the same nodal quartic X). These blocks are distinguished by div C2(Z) which 
is 2 or 4 depending on the choice of small resolution made. If we match these blocks to 



74 



A. CORTI, M. HASKINS, J. NORDSTROM, AND T. PACINI 



Example 7.4 then, because that block has div C2(Z) = 2, Proposition 4.20 implies that we 
obtain diffeomorphic G2-manifolds irrespective of our choice of small resolution. On the other 
hand Example 7.l\ has div C2(Z) = 4, so if we match with that then the diffeomorphism type 
of the resulting G2-manifolds does depend on our choice of small resolution. 

Now suppose we choose N + to be the rank 16 polarising lattice of the Burkhardt example. 
Then because of the high rank of iV+, primitive perpendicular matching is now much more 
difficult to achieve. Nevertheless, No 5a showed that it is possible to match blocks of Burkhardt 
type with blocks obtained from smooth quartics using primitive perpendicular gluing. This 
yields a 2-connected 7-manifold M| 5 with torsion- free cohomology, divpi = 4, b 3 = 95 (by 
the classification theory there is a unique such smooth 7-manifold) and containing 45 rigid 
associative S 1 x S 2 s. 

Remark 8.8. It is not possible to achieve primitive perpendicular gluing using the Burkhardt 
block and any of the other quartic-related blocks. In fact, if iV_ is any polarising lattice of 
rank greater than 1 then it is not possible to embed N + _L 7V_ primitively in L because that 
would violate the necessary condition (6.10) (recall that £(N+) = 5 for the polarising lattice 
of the Burkhardt block). This illustrates what we mean in (i'). 

General terminal degenerations and smaller G2-manifolds. In the discussion above for sim- 
plicity (and because all the examples we presented were of this type) we referred only to 
degenerations of smooth Fanos to singular Fanos with only ordinary nodes. However, we could 
consider more general degenerations, especially to Fano 3-folds with terminal Gorenstein sin- 
gularities and seek projective small resolutions of these also. This will lead to a wider variety 
of semi-Fanos related to a single deformation family of smooth Fano 3-folds. For example, one 
could look for projective small resolutions of defect one terminal quartics with worse than 
ODPs, thereby generalising Examples 7.3-7.6. 

As part of the partial classification scheme (summarised in [16]) for smooth weak Fano 3- 
folds of rank two, Cutrone-Marshburn [20, Nos. 54-76, Table 2] present a list of 19 potential 
candidates for rank two weak Fano 3-folds Y with small AC morphism which (if they exist) can 
be obtained as projective small resolutions of terminal quartics. They all arise as the blowup of 
a smooth rank 1 Fano 3- fold along a smooth curve of known degree and genus (their numerical 
link types are all El-El); this makes it straightforward to compute b 3 (Y) (and hence also b 3 (Z) 
for the associated block) and the polarising lattices for these putative examples. The possible 
values for b 3 (Z) which arise from their list are 

b 3 (Z) G {6, 8, 10, 12, 14, 16, 18, 20, 26, 28, 34}, 

whereas for our previously discussed quartic-related blocks we had 

b 3 (Z) G {6,34,36,44,50,66}, 

where 6 and 66 in the latter list are realised by the Burkhardt block and the smooth quartic 
block respectively. 

Assuming all these examples could be realised as rank two semi-Fano 3-folds (which admit- 
tedly may not be the case) then because they have rank two polarising lattices we can certainly 
achieve primitive perpendicular gluing of any such pair of semi-Fano blocks. This would yield 
2-connected 7-manifolds with torsion-free cohomology with the following 46 values of b 3 

b 3 e {35, 37, ... , 111, 115, 117, 123, 125, 133, 139, 155}, 

compared to the 14 values of b 3 (all of which satisfied b 3 > 91) obtained in (8.6) from the 
smooth and nodal quartic blocks we already discussed. 
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The main thing we learn from this discussion is that by allowing ourselves to degenerate to 
worse than ordinary nodes we may be able to obtain semi-Fano 3-folds with small b 3 without 
having to dramatically increase b 2 — as happens for example in the Burkhardt example where 
we achieve b 3 (Y) = but the price is that b 2 (Y) = 16. As we have seen the large Picard 
rank of the Burkhardt example makes it very problematic to match; by contrast we could 
perpendicularly glue these resolutions of terminal defect one quartics to most blocks of semi- 
Fano type. The price we pay for allowing semi-Fano 3-folds constructed by resolving more 
general terminal degenerations is that we can no longer be guaranteed to be able to produce 
rigid associative 3-folds in the resulting G2-manifolds. 

Remark. It would be particularly interesting to know the existence (or not) of Nos. 57 and 71 
in [20, Table 2] since both would give rise to rank two semi-Fanos with b 3 (Y) = 0; for this one 
needs to study rational curves of degree 8 in the rank one Fano V22 or in the smooth quadric 
Q respectively. 

Metric G2-transitions. We indicate the technical problems that currently stop us from using 
the twisted connected sum construction to produce families of G2-metrics degenerating to a 
compact singular G2-manifold. One basic problem is that given a sequence of ACyl Calabi-Yau 
metrics on V+ that degenerate in a satisfactory way, we would need to be able to match the 
asymptotic limits of this whole family to ACyl Calabi-Yau metrics on V-, in a continuous 
manner. One situation where this problem is simplified is when Z+ is a building block like 
Example 7.8. There is a sequence of Kahler classes on Z+ that shrink the (—1, — l)-curves in Z+, 
but whose restriction to S+ is constant. We should therefore find a sequence of degenerating 
ACyl Calabi-Yau structures on V+ with a fixed asymptotic limit, that can be matched to a 
fixed ACyl Calabi-Yau 3-fold V-. 

This easy case of the matching-in-families problem is different from the sort of transitions 
we were discussing earlier in the subsection, in that the degeneration of the ACyl Calabi-Yau 
structures on V + comes from changing the resolution of a non-generic pencil rather than from 
a degeneration of the underlying semi-Fano to a nodal Fano X. In the latter case, suppose that 
the sequence of ACyl Calabi-Yau structures on V+ can be matched with ones on V—. Then, 
because H 2 (V + ) — > H 2 (S + ) is injective for semi-Fano type blocks, the sequence of matching 
data must degenerate too in some sense. The problem of finding the limiting matching data 
therefore turns out to be too constrained to use the argument of proposition 6.18 (the number 
of missing degrees of freedom is exactly the defect of X) This is the same kind of problem 
as in handcrafted gluing, and requires the same remedy: more detailed information about the 
deformation theory. 

Given a matching in families, another problem is to control the neck length parameter in 
the gluing. If we can find a 1-parameter family of compatible pairs of ACyl metrics on V+ 
and V-, then theorem 3.12 says that for each pair there is a parameter T such that we can 
form a twisted connected sum with neck length T. Joyce's perturbation results give bounds 
on T in terms of the geometry of V+ and V- . If the family of metrics on V- degenerates to 
a metric with conical singularities, then the upper bound for T goes to infinity, so there is 
no guarantee that we can find a 1-parameter family of G2-metrics whose Gromov-Hausdorff 
limit is compact. It may be difficult to get around this without resolving the conjecture about 
existence of conically singular Calabi-Yau metrics. 
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